
Gluhfw Olplwv

Lq wklv qrwh zh gh�qh gluhfw olplwv dqg suryh wkhlu edvlf surshuwlhv1 Wklv qrwlrq lv
lpsruwdqw lq ydulrxv sodfhv lq dojheud1 Lq sduwlfxodu/ lq dojheudlf jhrphwu| dqg frpsoh{
dqdo|vlv/ wkh ixqgdphqwdo qrwlrq ri d vwdon ri d vkhdi xvhv gluhfw olplwv1

Zh uhfdoo wkh gh�qlwlrq ri d gluhfw olplw1 Ohw U eh d vhw zlwk d sduwldo rughu � vdwlvi|lqj
wkh surshuw| wkdw iru dq| �c � 5 U/ wkhuh lv d & 5 U zlwk � � & dqg � � &1 Vxfk d vhw lv fdoohg
d gluhfwhg vhw1 Vxssrvh zh kdyh wkh iroorzlqj gdwd= dq Deholdq jurxs �� iru hdfk �/ dqg iru
hdfk sdlu � � � d pds )�� G �� $ �� zlwk )�� ' �_��

iru hdfk �/ dqg vxfk wkdw zkhqhyhu
� � � � &/ zh kdyh )�& ' )�& �)��1 Wkhq

�
��c )��

�
lv fdoohg d gluhfwhg v|vwhp ri jurxsv1 Wkh

gluhfw olplw *�4�$�� lv wkh xqltxh xs wr lvrprusklvp jurxs u vdwlvi|lqj wkh iroorzlqj xqlyhuvdo
pdsslqj surshuw|= wkhuh duh pdsv )� G �� $ u vxfk wkdw )� ' )� � )�� iru hyhu| sdlu � � �/
dqg li wkhuh lv dq Deholdq jurxs � wrjhwkhu zlwk pdsv � � G �� $ � vxfk wkdw � � ' � � � )��

iru hdfk � � �/ wkhq wkhuh lv d xqltxh jurxs krprprusklvp � G u $ � zlwk j ' � � )�1
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D urxwlqh h{huflvh lqyroylqj xqlyhuvdo pdsslqj surshuwlhv vkrzv wkdw wkh gluhfw olplw ri d
jurxs/ li lw h{lvwv/ lv xqltxh xs wr lvrprusklvp1 Gluhfw olplwv ri Deholdq jurxsv gr h{lvw> khuh
lv d frqvwuxfwlrq= Ohw � eh wkh gluhfw vxp ri wkh ��/ dqg ohw � eh wkh vxejurxs jhqhudwhg
e| doo hohphqwv ri wkh irup @�)��E@� iru doo � � � dqg doo @ 5 ��1 Wkhq �*� / wrjhwkhu zlwk
)� wkh frpsrvlwlrqv ri wkh qdwxudo pdsv �� $ � $ �*� / vdwlvi| wkh pdsslqj surshuw|
iru wkh gluhfw olplw1

Lq rughu wr suryh wkh edvlf surshuwlhv ri gluhfw olplwv lq wkh ohppd ehorz/ zh jlyh dq
dowhuqdwlyh ghvfulswlrq ri wkhp1 Wklv ghvfulswlrq lv riwhq krz |rx pd| vhh gluhfw olplwv xvhg
lq frpsoh{ dqdo|vlv dqg dojheudlf jhrphwu|1 Ohw

�
��c )��

�
eh d gluhfwhg v|vwhp ri jurxsv1

Frqvlghu sdluv E��c @�� zlwk @� 5 ��1 Gh�qh d uhodwlrq � rq vxfk sdluv e| E��c @�� � E��c @�� li
wkhuh lv d & � �c � zlwk )�&E@�� ' )�&E@��1 D vkruw fdofxodwlrq vkrzv wkdw � lv dq htxlydohqfh
uhodwlrq1 Zh zloo zulwh d��c @�o iru wkh htxlydohqfh fodvv ri d sdlu E��c @��1 Li C lv wkh vhw ri
htxlydohqfh fodvvhv/ wkhq zh fdq gh�qh dq rshudwlrq rq C e|

d��c @�o n d��c @�o ' d�&c )�&E@�� n )�&E@��oc
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zkhuh & lv dq| lqgh{ zlwk & � �c �1 Dqrwkhu vkruw fdofxodwlrq vkrzv wkdw wklv rshudwlrq lv
zhoo gh�qhg/ dqg wkdw C lv dq Deholdq jurxs xqghu wklv rshudwlrq1 Wkh pds j� G �� $ C

jlyhq e| j�E@� ' d��c @o lv d jurxs krprprusklvp1 Ixuwkhupruh/ j� ' j� � )�� iru dq| sdlu
� � � vlqfh j�E)��E@�� ' d��c )��E@�o ' d��c @o e| wkh gh�qlwlrq ri wkh htxlydohqfh uhodwlrq1
Zh zloo suryh wkdw C �' *�4�$�� e| surylqj wkdw C kdv wkh vdph pdsslqj surshuw| dv grhv
wkh gluhfw olplw1 Wr gr wklv/ vxssrvh wkdw � lv dq Deholdq jurxs dqg wkdw iru hdfk � wkhuh
lv d krprprusklvp � � G �� $ � zlwk � � ' � � � )�� iru hdfk � � �1 Gh�qh � G C $ �

e| � Ed��c @o� ' � �E@�1 Wklv lv zhoo gh�qhg vlqfh li d��c @�o ' d��c @�o/ wkhq wkhuh lv d & zlwk
�c � � & dqg )�&E@�� ' )�&E@��1 Wkhuhiruh/

� �E@�� ' � &E)�&E@��� ' � &E)�&E@��� ' � �E@���

Wkh pds � lv fohduo| d jurxs krprprusklvp1 Ixuwkhupruh/ � � ' � � j� lv fohdu iurp wkh
gh�qlwlrq ri � 1 Ilqdoo|/ li � � G C $ � vdwlv�hv � � ' � � � j� iru hdfk �/ wkhq � � Ed��c @�o� '

� �Ej�E@��� ' � �E@�� ' � Ed��c @�o�1 Wkxv/ � � ' � 1 Wklv vkrzv wkdwC vdwlv�hv wkh pdsslqj surs0
huw| ri gluhfw olplwv +dorqj zlwk wkh pdsv j�,1 D vwdqgdug dssolfdwlrq ri pdsslqj surshuwlhv
zloo wkhq vkrz C �' *�4�$��/ dv zh qrz jlyh1 Wkh pdsv j� lqgxfh d xqltxh krprprusklvp
j G *�4�$�� $ C zlwk j� ' j � )� iru hdfk �1 Vlploduo|/ wkh pdsslqj surshuw| dssolhg wr
C |lhogv d pds � G C $ *�4�$�� vdwlvi|lqj )� ' � � j�1 Wkhuhiruh/ j � � G C $ C vdwlv�hv
j� ' Ej � � � � )�1 Krzhyhu/ �_C G C $ C dovr vdwlv�hv j� ' �_C �)�1 E| wkh xqltxhqhvv sduw
ri wkh pdsslqj surshuw|/ zh frqfoxgh wkdw j � � ' �_C1 Vlploduo|/ � � j ' �_*�43<��

/ vr j +dqg
�, lv dq lvrprusklvp1

Zh qrz suryh wkh wzr prvw edvlf frpsxwdwlrqdo surshuwlhv ri gluhfw olplwv1

Ohppd 41 Ohw *�4�$�� eh wkh gluhfw olplw ri d gluhfwhg v|vwhp ri jurxsv1 +4, Hyhu| hohphqw
ri *�4�$�� fdq eh zulwwhq lq wkh irup )�E@� iru vrph @ 5 ��1 +5, Li @ 5 �� vdwlv�hv )�E@� ' f/
wkhq wkhuh lv d � � � zlwk )�c�E@� ' f1

Surri1 Wkhvh surshuwlhv duh hdv| wr vhh iurp wkh gh�qlwlrq ri wkh jurxs C gh�qhg deryh/
zklfk lv lvrprusklf wr *�4�$��1 Hyhu| hohphqw ri C lv ri wkh irup d��c @�o ' j�E@��1 Dovr/
li d��c @�o ' f/ wkhq E��c @�� � E��c f�/ vr e| gh�qlwlrq ri wkh uhodwlrq/ wkhuh lv d � � �

zlwk )��E@�� ' )��Ef� ' f1 Ilqdoo|/ iroorzlqj wkhvh surshuwlhv iru C e| wkh lvrprusklvp
� G C $ *�4�$�� |lhogv wkh fruuhvsrqglqj surshuwlhv iru *�4�$��1

H{dpsoh 51 Ohw � eh dq Deholdq jurxs1 Ohw i��j�MU eh wkh vhw ri �qlwho| jhqhudwhg
vxejurxsv ri �1 Wkhq/ e| rughulqj U e| � � � li �� � ��/ wkh vhw U lv d gluhfwhg vhw/ vlqfh iru
dq| sdlu �c �/ wkh jurxs �� n �� lv erwk �qlwho| jhqhudwhg dqg frqwdlqv �� dqg ��1 Li zh ohw
)�c� G �� $ �� eh wkh lqfoxvlrq pds zkhqhyhu � � �/ zh kdyh d gluhfwhg v|vwhp

�
��c )�c�

�
1

Wkxv/ wkh gluhfw olplw *�4�$�� h{lvwv1 Zh fodlp wkdw � ' *�4�$��1 Zh zulwh M ' *�4�$�� iru
frqyhqlhqfh1 Wr suryh wklv/ zh kdyh lqfoxvlrq pdsv j� G �� $ �1 Zh dovr kdyh wkh fdqrqlfdo
pdsv )� G �� $ M iru hdfk �1 Vlqfh j� ' j� � )�c�/ dv erwk vlghv duh wkh lqfoxvlrq pdsv
�� $ �/ wkh xqlyhuvdo pdsslqj surshuw| jlyhv d xqltxh krprprusklvp j G M $ � zlwk
j � )� ' j� iru hdfk �1 Wkh pds j lv vxumhfwlyh/ vlqfh li } 5 �/ wkhq } 5 �� iru vrph �> wkh
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f|folf jurxs k}l lv d �qlwho| jhqhudwhg vxejurxs ri �/ vr lw lv htxdo wr �� iru vrph �1 Wkxv/
} ' j�E}� ' jE)�E}��/ surylqj wkdw j lv vxumhfwlyh1 Ilqdoo|/ li � 5 !ihEj�/ wkhq ohw � ' )�E}�

iru vrph } 5 ��1 Wkhq f ' jE�� ' jE)�E}�� ' j�E}� ' } vlqfh j� lv wkh lqfoxvlrq pds1 Wkxv/
} ' f/ vr � ' )�E}� ' f1 Zh kdyh wkxv suryhq wkdw j lv elmhfwlyh/ vr � �' M1

H{dpsoh 61 Ohw U eh d gluhfwhg vhw wkdw kdv d pd{lpxp hohphqw &1 Wkdw lv/ � � & iru hyhu|
� 5 U1 Zh fodlp wkdw *�4�$�� ' �& iru dq| gluhfwhg v|vwhp1 Zulwh � ' *�4�$��1 Wr suryh wklv
fodlp/ iru hdfk � zh kdyh wkh fdqrqlfdo pdsv )�c& G �� $ �&/ dqg vlqfh )�c& ' )�c&�)�c� iru dq|
� zlwk � � �/ wkh xqlyhuvdo pdsslqj surshuw| jlyhv d xqltxho| ghwhuplqhg pds j G � $ �&

zlwk j � )� ' )�c& iru hyhu| �1 Lq sduwlfxodu/ iru � ' &/ zh kdyh j � )& ' )&c& ' �_�&
1

Wkxv/ j lv vxumhfwlyh1 Iru lqmhfwlylw|/ wdnh } 5 � zlwk jE}� ' f1 Zulwh } ' )�E}�� iru vrph
}� 5 ��1 Wkhq f ' jE}� ' jE)�E}��� ' )�c&E}��1 E| gh�qlwlrq ri gluhfwhg v|vwhpv/ zh wkhq
kdyh f ' )&E)�c&E}��� ' )�E}�� ' }1 Wkhuhiruh/ j lv dovr lqmhfwlyh/ vr � �' �&1

H{dpsoh 71 Ohw I eh d vkhdi rq d wrsrorjlfdo vsdfh f1 Wkhq wkh vwdon I% lv gh�qhg dv
I% ' *�4�$IEL�/ zkhuh wkh gluhfw olplw lv ryhu doo rshq qhljkerukrrgv ri %1 Wklv vhw lv d
gluhfwhg vhw e| rughulqj lw zlwk uhyhuvh lqfoxvlrq= li L dqg T duh qhljkerukrrgv ri %/ wkhq
L _ T lv d qhljkerukrrg ri % frqwdlqhg lq erwk L dqg T 1 Li T � L / wkhq wkh fdqrqlfdo
pds IEL� $ IET � lv wkh uhvwulfwlrq pds hitLcT wkdw frphv dorqj zlwk wkh vkhdi I 1 Vlqfh
hitTc` � hitLcT ' hitLc` zkhqhyhu ` � T � L / dqg hitLcL ' �_5EL�/ wkhvh pdsv vdwlvi|
wkh d{lrpv wr kdyh d gluhfwhg v|vwhp ri jurxsv1 Wkhuhiruh/ wkh gluhfw olplw *�4�$IEL� grhv
h{lvw1 Zh zulwh s% iru wkh lpdjh ri s 5 IEL� lq I% iru % 5 L 1 Wkh surshuwlhv ri wkh ohppd
wudqvodwh wr wkh iroorzlqj wzr= +l, li k 5 I%/ wkhq k ' s% iru vrph rshq qhljkerukrrg L ri
% dqg vrph s 5 IEL�/ dqg +ll, li s 5 IEL� zlwk s% ' f/ wkhq wkhuh lv vrph T � L zlwk
hitLcT Es� G' s mT ' f1

H{dpsoh 81 Khuh lv dqrwkhu h{dpsoh wkdw dulvhv lq wkh wkhru| ri vkhdyhv1 Ohw s G f $ t

eh d frqwlqxrxv pds ri wrsrorjlfdo vsdfhv1 Li J lv d vkhdi rq t / wkhq zh fdq gh�qh wkh
lqyhuvh lpdjh suhvkhdi I e| IEL� ' *�4�$JET �/ dv wkh olplw uxqv ryhu doo rshq vhwv T ri
t zlwk sEL� � T 1 Wklv vhw ri rshq vhwv lv d gluhfwhg vhw e| rughulqj lw zlwk uhyhuvh
lqfoxvlrq/ vlqfh li T dqg ` duh rshq dqg frqwdlqlqj sEL�/ wkhq vr lv T _ ` 1 H{dpsoh 6
vkrzv wkdw li L ' s3�ET �/ wkhq wklv vhw ri rshq vhwv kdv s3�ET � dv d pd{lpxp hohphqw/
vrIEs3�ET �� ' JET �1

H{dpsoh 91 Wr frqwlqxh wkh suhylrxv h{dpsoh ixuwkhu/ vxssrvh wkdwf lv d wrsrorjlfdo vsdfh
dqg % 5 f1 Wkh xqltxh pds s G f $ i%j lv frqwlqxrxv1 Dq Deholdq jurxs � jlyhv ulvh wr
d vkhdi rq i%j zklfk zh zloo dovr ghqrwh e| �/ vlqfh wkh rqo| qrqhpsw| rshq vhw ri i%j lv
i%j lwvhoi1 Zh wkhq kdyh wkh lqyhuvh lpdjh suhvkhdi I rq f/ gh�qhg e| IEL� ' *�4�$�ET �/
dv T uxqv ryhu rshq vhwv ri i%j frqwdlqlqj sEL�1 Krzhyhu/ wkh rqo| fkrlfh iru T lv i%j1
Wkhuhiruh/ IEL� ' �Ei%j� ' �1 Wkhuhiruh/ I lv wkh �frqvwdqw� suhvkhdi wkdw vhqgv hyhu|
rshq vhw wr wkh vdph Deholdq jurxs1

H{dpsoh :1 Wr jlyh dqrwkhu yhuvlrq ri wkh lqyhuvh lpdjh suhvkhdi h{dpsoh/ ohw f eh d
wrsrorjlfdo vsdfh dqg ohw % 5 f1 Li � G i%j $ f lv wkh lqfoxvlrq pds/ wkhq � lv frqwlqxrxv1
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Ohw J eh d vkhdi rq f1 Wkhq wkh lqyhuvh lpdjh suhvkhdi I lv d suhvkhdi rq i%j1 Vlqfh i%j
lv d rqh srlqw vsdfh/ wklv vkhdi lv qrwklqj pruh wkdq wkh Deholdq jurxs I Ei%j� ' *�4�$JET �/
dv wkh olplw udqjhv ryhu rshq vhwv T ri f frqwdlqlqj � E%� ' %1 Wkxv/ wklv jurxs lv mxvw wkh
vwdon J%1
H{dpsoh ;1 Iru d �qdo h{dpsoh/ zh orrn dw sxvkrxwv1 Jlyhq wkh gldjudp ri Deholdq jurxsv

�

� �!s

�

}

wkh sxvkrxw lv d jurxs � zlwk pdsv k dqg q vxfk wkdw wkh iroorzlqj gldjudp lv frppxwdwlyh

� �!
q

� �!s

�

}

�

k

dqg vxfk wkdw iru dq| Deholdq jurxs ( dqg pdsv k� G � $ ( dqg q� G � $ (/ wkhuh lv d
xqltxh pds w G u $ ( zlwk k� ' w � k dqg q� ' w � q1 Zh vhh wkdw u h{lvwv dqg lv mxvw d
gluhfw olplw1 Ohw U eh wkh gluhfwhg vhw i�c 2c �j rughuhg e| glylvlelolw|1 Wkdw lv/ � � 2 dqg
� � �/ exw 2 � �1 Vhw � ' ��/ � ' �2/ dqg � ' ��1 Wkhq zlwk wkh pdsv s dqg }/ zh kdyh
d gluhfwhg vhw1 Wkxv/ vhw u ' *�4�$��1 Wkhq wkh xqlyhuvdo pdsslqj surshuw| iru gluhfw olplwv
lv h{dfwo| wkdw ghvfulehg deryh/ zkhuh zh vhw wkh pds � $ u wr eh q � s ' k � }1

Lq wkh uhpdlqghu ri wklv qrwh zh orrn dw gluhfw olplwv iurp d fdwhjrulfdo srlqw ri ylhz1
Ohw U eh d gluhfwhg vhw1 Iurp U zh kdyh d fdwhjru| L zkrvh remhfwv duh wkh hohphqwv ri U/
dqg zkrvh prusklvpv duh duurzv � $ � iru hdfk sdlu � � � lq U1 Lq rwkhu zrugv/ �L4PE�c ��

frqwdlqv rqh pds � $ � li � � �/ dqg lv hpsw| rwkhuzlvh1 Wklv plplfv wkh fdwhjru| ALTEf� ri
rshq vhwv ri d wrsrorjlfdo vsdfhf1 D gluhfwhg v|vwhp ri Deholdq jurxsv lv wkhq qrwklqj exw d
ixqfwru iurp L wr �K1 Wkxv/ wkh ixqfwru fdwhjru| �KP lv wkhq wkh fdwhjru| ri gluhfwhg v|vwhpv
ri Deholdq jurxsv rq U1 Zh fodlp wkdw wkh gluhfw olplw jlyhv d ixqfwru iurp �KP wr �K1 Zh
douhdg| nqrz krz lw dfwv rq remhfwv/ lw vhqgv d gluhfwhg v|vwhp i��j wr wkh gluhfw olplw *�4�$��1
Wr vhh krz lw dfwv rq prusklvpv/ ohw s G

�
��c )��

� $ �
��c ���

�
eh d prusklvp ri gluhfwhg

v|vwhpv1 Uhfdoo iurp wkh vwxg| ri ixqfwru fdwhjrulhv wkdw s lv d qdwxudo wudqvirupdwlrq ri
ixqfwruv1 Lq rwkhu zrugv/ iru hdfk � wkhuh lv d jurxs krprprusklvp s� G �� $ ��/ dqg li
� � �/ wkhq wkh iroorzlqj gldjudp frppxwhv1

�� ��
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Li )� G �� $ *�4�$�� dqg �� G �� $ *�4�$�� duh wkh fdqrqlfdo pdsv/ wkhq �� � s� G �� $
*�4�$�� lv d krprprusklvp iru hdfk � wkdw kdv wkh fruuhfw surshuwlhv wr |lhog d xqltxh jurxs
krprprusklvp s � G *�4�$�� $ *�4�$�� zlwk )� � s � ' s� iru doo �1 Wkh dvvrfldwlrq s :$ s �

lv wkhq krz wkh gluhfw olplw ixqfwru rshudwhv rq pdsv1 Lw lv dq hdv| h{huflvh wr vkrz wkdw
frpsrvlwlrq ri prusklvpv lv suhvhuyhg/ dqg wkdw �_�t���

' �_*�43<��
1 Lq rwkhu zrugv/ gluhfw olplw

grhv jlyh d ixqfwru �KP $ �K1 Zh kdyh d vlpsoh ixqfwru � lq wkh rssrvlwh gluhfwlrq1 Iru
� dq Deholdq jurxs/ ohw �E�� ' i�j1 Wklv lv wkh gluhfw v|vwhp zlwk �� ' � iru doo �/ dqg
wkh pds �� $ �� iru � � � lv wkh lghqwlw| pds1 Lw lv hdv| wr vhh wkdw � lv dq h{dfw ixqfwru1
Ixuwkhupruh/ wkh xqlyhuvdo pdsslqj surshuw| iru gluhfw olplwv |lhogv lpphgldwho| wkdw

�L4E*�4�$��c �� �' �L4�KPEi��j c �E����

Lq rwkhu zrugv/ *�4�$ lv d ohiw dgmrlqw wr �1 Wkhuhiruh/ e| Sursrvlwlrq 51914 ri ^4`/ wkh gluhfw
olplw ixqfwru *�4�$ lv uljkw h{dfw1 Lq idfw/ d vwudljkwiruzdug fdofxodwlrq vkrzv wkdw *�4�$ lv
dfwxdoo| dq h{dfw ixqfwru1

Rqh fdq gxdol}h gh�qlwlrqv wr gh�qh lqyhuvh v|vwhpv ri Deholdq jurxsv= vxfk d v|vwhp
i��j kdv/ iru hdfk � � �/ d krprprusklvp )�� G �� $ ��1 Rqh fdq gh�qh wkh lqyhuvh
olplw *�4#���/ wrjhwkhu zlwk krprprusklvpv *�4#��� $ ��/ yld wkh iroorzlqj xqlyhuvdo pdsslqj
surshuw|= li � lv dq Deholdq jurxs dqg li s� G � $ �� duh krprprusklvpv zlwk s� ' )�� � s�
iru hdfk � � �/ wkhq wkhuh lv d xqltxh krprprusklvp s G � $ *�4#��� zlwk s� ' )� � s iru
doo �1 Dv zh glg deryh/ zh rewdlq d fdwhjru| ri lqyhuvh v|vwhpv ryhu U/ dqg *�4#� lv d ixqfwru
iurp wklv fdwhjru| wr �K1 Wkh �frqvwdqw� ixqfwru � wkdw vhqgv � wr i�j�MU lv d ixqfwru lq
wkh rssrvlwh gluhfwlrq/ dqg zh kdyh �L4E�c *�4#���� ' �L4E�E��c i��j� iurp wkh xqlyhuvdo
pdsslqj surshuw| ri lqyhuvh olplwv1 Wklv phdqv wkdw *�4#� lv d uljkw dgmrlqw wr �1 Vlqfh � lv
fohduo| h{dfw/ *�4#� lv wkhq ohiw h{dfw1 Xqolnh gluhfw olplwv/ krzhyhu/ *�4#� lv qrw h{dfw1 Wkhuhiruh/
rqh fdq vwxg| wkh ghulyhg ixqfwruv ri *�4#�/ zkhuhdv wkh ghulyhg ixqfwruv ri wkh gluhfw olplw
*�4�$ duh wulyldo vlqfh wklv ixqfwru lv h{dfw1

Uhihuhqfhv

^4` Fkduohv D1 Zhleho/ Dq lqwurgxfwlrq wr krprorjlfdo dojheud/ Fdpeulgjh vwxglhv lq dg0
ydqfhg pdwkhpdwlfv/ yro1 6;/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 4<<71
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