Dualities in Lattice Theory

Patrick J. Morandi
September 9, 2005

In this note we prove several duality theorems in lattice theory. We also discuss the
connection between spectral spaces and Priestley spaces, and interpret Priestley duality in
terms of spectral spaces.

The organization of this note is as follows. In the first section we collect appropriate
definitions and basic results common to many of the various topics. The next four sections
consider Birkhoff duality between finite distributive lattices and finite posets, Stone’s duality
between Boolean algebras and Stone spaces, Priestley duality between bounded distributive
lattices and Priestley spaces, and Heyting between Heyting algebras and Heyting spaces.
Finally, in Section 6 we consider the relation between the Stone topology and the spectral
topology on the set of prime filters of a distributive lattice. The spectral topology more
closely resembles the topology on the spectrum of a commutative ring, while the Stone
topology yields a compact Hausdorff space. We will then interpret Priestley duality in terms
of spectral spaces. As we will see, Priestley duality generalizes both Birkhoff and Stone
duality, and Heyting duality considers special cases of bounded distributive lattices and
Priestley spaces.

1 Preliminaries

A tuple (L, V, A) is a lattice if L is a nonempty set with binary operations V and A containing
elements 0, 1 such that the following identities hold:

aVb=>bVa, a/Nb=0bAa,
aV(bVe)=(aVvb)Ve), an(bNc)=(aNb)Ac,
aVa=a, ala=a,
aV(aAb)=a, aN(aVb)=a.

If, in addition, L contains elements 0, 1 satisfying
aVO0=a, aNl=a,

then L is said to be a bounded lattice. We define a partial order < on a lattice L by a < b if
aVb=0b, or, equivalently, aAb = a. An alternative way to define a lattice is as a poset (L, <)
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in which for any pair a,b € L, the least upper bound lub(a, b) and the greatest lower bound
glb(a, b) exist. We then define a V b = lub(a, b) and a A b = glb(a,b). A straightforward but
somewhat long exercise proves the equivalence of these two notions. If a lattice L satisfies
the identities

then we call L a distributive lattice. In fact, these identities are equivalent in a lattice.

Example 1.1. We recall that a Boolean algebra is a bounded distributive lattice B with a
unary operation — satisfying

aV—a=1,
aN—a=0

for all a € B. For specific examples, let X be a set, and let B be the power set of X. By
setting V to be union and A to be intersection, then B is a Boolean algebra with 1 = X and
0 = &. Moreover, —A = X\ A for any A € B.

Example 1.2. Let (C, <) be a totally ordered poset. Then C' is lattice, since lub(a,b) =
max {a, b} and glb(a,b) = min{a, b} for any a,b € C. If C has a top and a bottom element,
then C'is a bounded lattice.

Throughout this note L will be a bounded lattice. A filter of a lattice L is a nonempty
subset I such that (i) if @ € F and @ < b, then b € F, and (ii) if a,b € F, then a Ab € F.
Sets satisfying (i) are called upsets. The dual notation is that of an ideal; an ideal of a lattice
L is a nonempty subset I such that (i) if € F' and b < a, then a € I, and (ii) if a,b € I,
then a Vb € I. Sets satisfying Condition (i) of an ideal are called downsets. We may phrase
duality in terms of ideals or filters; we choose to work with filters. For example, if a € L,
then we define Ta ={b€ L:a <b} and |a = {b € L :b < a}, the principal filter and ideal
generated by a, respectively. It is easy to see that Ta is a filter of F' and |a is an ideal of
L. A prime filter P is a proper filter on L such that if aVb € P, thena € Porbe P. A
proper filter maximal with respect to inclusion is called a maximal filter or, more commonly,
an ultrafilter.

Definition 1.3. The set of all prime filters on a bounded lattice L is denoted PF(L). For
a € L, we set p(a) ={P € PF(L) : a € P}.

There are two natural topologies on PF(L) we will study. One, the spectral topology,
we will investigate later in Section 6. This topology is a direct generalization of the Zariski
topology on the spectrum of a commutative ring. However, we first consider the topology
defined by Stone, to which we refer as the Stone topology on PF(L). The relation between
these topologies will be analyzed in Section 6. We define the Stone topology 7 on PF(L) by
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letting B = {p(a) : a € L} U{p(a)°: a € L} be a subbasis of open sets for 7. To analyze this
topology, we first note that ¢(0) = @ and p(1) = PF(L). Next, we show that p(a V b) =
w(a)Up(b) and p(anb) = ¢(a)Ne(b). To prove these, the inclusions ¢(a)Up(b) C p(aVb) and
w(aNb) C p(a) Ne(b) are clear since filters are upsets. The inclusion ¢(a) Np(b) C p(a Ab)
is true since filters are closed under finite meets. Finally, if P € ¢(a V' b), then a Vb € P, so
either a € P or b € P, since P is prime. Thus, P € p(a) U ¢(b). These relations imply that
the set {p(a) N p(b)°: a,b € L} is a basis for the topology on PF(L). The sets in B are, by
construction, clopen subsets of PF(L).

Lemma 1.4. Let F' be a filter and I an ideal of a bounded distributive lattice L. If FNI = @,
then there is a prime filter P of L such that F C P and PN1 = @.

Proof. Let F be the set of all filters of L containing F' and disjoint from /. Then F is
nonempty since it contains F. Let C = {P, : & € I} be a chain in F. Then |, P, is easily
seen to be a filter, and (|J, P.) N1 = @. Therefore, by Zorn’s lemma, F contains a maximal
element P. We prove that P is prime. Suppose that a V b € P. Consider the filters F}
and Fy generated by P U {a} and P U {b}, respectively. Suppose that a,b ¢ P. Then P is
properly contained in both F} and Fy; therefore, Fy and F, are not elements of F. Thus,
F; NI is nonempty for each i; let x; € F; N I. By construction of Fj, there is p; € P with
p1 Aa < xp and po A b < 5. Therefore,

r1Vas > (prAa)V (pe Ab) = (p1 V) A(prVa)A(paVb)A(aVb).

All four terms are in P, so their meet is in P. This implies that 1 V2o € PN I, a
contradiction. Thus, either a € P or b € P, so P is a prime filter. O]

Corollary 1.5. If L is a bounded distributive lattice, then p(a) = ¢(b) if and only if a = b.

Proof. If a # b, then either a £ b or b £ a. Suppose that a £ b. If F = Ta is the filter
generated by a and I = |b the ideal generated by b, then the condition a £ b implies that
FNI =2, so0 Lemma 1.4 yields a prime filter P with F' C P and PNI = &. Thus, P € ¢(a)
and P ¢ (b), showing that p(a) # ¢(b). O

2 Birkhoff Duality

In this section we prove the first of our duality results, that the category FDL of finite
distributive lattices is dual to the category FPos of finite posets. Let L be a bounded
distributive lattice. Then p € L is said to be a join prime if p < a V b implies that p < a or
p <b. Let JP(L) be the set of join prime elements of L. We order JP(L) by pRq if ¢ < p.
Then (JP(L), R) is a poset. Note that pRq if and only if Tp C 1q.

For a poset (X, <), we denote by U (X, <) the set of all upsets of (X, <). With respect
to union and intersection, U (X, <) is a bounded distributive lattice, with top and bottom
X and 9, respectively.



Lemma 2.1. Let L be a finite distributive lattice. If P is a filter of L, thenP is prime if
and only if P = 1p for some p € JP(L).

Proof. Since L is finite, A P € L; set p = A\ P. It is then clear that P = Tp. Suppose that
P is prime. To see p € JP(L), suppose that p < aVb. Then aVb € P,soa € P or
b€ P. Thus, p<aorp<b. Thus, pe JP(L). Conversely, if p € JP(L), let a,b € L with
aVbe P. Then p <aVb. Since pe JP(L), we have p < aor p <b. Thus,a € Porb e P.
Thus, P is prime. O

More generally, if L is a lattice and P = Tp is a principal filter, then P is a prime filter
if and only if p € JP(L). However, prime filters need not be principal in general.

Proposition 2.2. Let L be a finite distributive lattice. Then Fr : L — U(TP(L),R),
defined by Fp(a) = {p € JP(L) : p < a}, is a lattice isomorphism

Proof. Lemma 1.4 shows that Ta = (e(a). If p(a) = {P,,..., P}, and if P, = Tp;, with
pi € JP(L), then

Ta=PN---NP=TptN---NTp.=1p1V---Vp,.

Consequently, a = p; V --- V p,.. The definition of F, shows that F(a) is an upset, since
if p < a and pRq, then ¢ < p, so ¢ < a. We have a = \/ Fi(a), so F, is an injection. It
is a surjection, since if U is an upset of JP(L), let a = \JU. If U = {p1,...,p,}, then
a=p V- Vp, soeach p; € Fr(a); this shows U C f(a). If ¢ € Fr(a), then ¢ < a.
Since ¢ € JP(L), we get ¢ < p; for some i, so p;Rq. Therefore, ¢ € U since U is an upset.
Therefore, U = Fp(a), so Fy, is surjective. It is clear that F} is a lattice homomorphism.
Thus, F}, is an isomorphism. O

We now consider the situation categorically. We have JP : FDL — FPos defined on
objects. For maps, if f : L — M is a lattice homomorphism, define JP(f) : JP(M) —
JP(L) by JP(f)(q) = A f'(1q). We show that JP(f)(q) € JP(L). Before doing so,
note that if ¢ € JP(M), then Tq € PF(M), and so f~!(1q) € PF(L); thus, f~' (1¢q) = 1p
for some p € JP(L). We recover p as p = A\ Tp = A\ f~' (1¢); this motivates the definition
of JP(f), and proves that TP(f)(¢q) € JP(L). It is easy to see that JP is indeed a functor.

To obtain a functor in the opposite direction, we have defined & : FPos — FDL on
objects. On maps, if g : (X, <) — (Y, <) is a map of posets, then we define(g) : U (Y, <) —
U(X,<) by U(g) = g~ In other words, U(g)(V) = g~' (V) for any upset V of Y. The
set g71(V) is indeed an upset of X, for if z € g7 (V) and z < 2/, then g(x) € V, and
since g(r) < g(z'), we have g(z') € V, so 2/ € g~}(V). This map is clearly a lattice
homomorphism.

Proposition 2.3. Let (X, <) be a finite poset. Then Gx : (X, <) — (JP(U (X, <)), R)
given by Gx(x) = Tz, is a poset isomorphism.



Proof. First of all, it is clear that Tz is a join prime element of U (X, <) for any = € X, so
Gx is well-defined. Moreover, if U € JP(U(X <)), then as U is the (finite) union of the
Tx for x € U, we see that U = Tx for some x € U since U is a join prime. Thus, Gx is a
bijection. Next, we see that Tx C Ty if and only if y < x. Thus, by the definition of the
order R, we have y < z in X if and only if Ty Rz in JPU(X <)). Thus, Gx and Gy
are order preserving. This proves that Gx is a poset isomorphism. O]

Theorem 2.4. The functors JP and U give a co-equivalence between the categories FDL
and FPos.

Proof. Define a natural transformation F : idppr, — U o JP by Fp : L — U(JP(L)) sends
ato Fr(a) ={pe JP(L) : p <a}. Then Fy, is an isomorphism by Proposition 2.2. We see
that F' is indeed a natural transformation; if f : L — M is a morphism of finite distributive
lattices, then if we consider the diagram

L " U(TP(L))
f iu(ﬂ’(f))
M D U(TP(M))

we see that it is commutative; if a € L, then Fy(a) = {p € JP(L) : p < a}, and then this is
sent to {g € JP(M) : TP(f)(q) < a} inU(TP(M)). On the other hand, going around the
diagram the other direction, we have a — f(a) — {qg € JP(M) :q < f(a)}. We note that
q < f(a) iff f(a) € 7q iff a € f~'(1q), and since this is the principal upset TjP(f)(q), we
see that a € f~1 (1q) iff 7P(f)(q) < a. Thus, our diagram commutes.

We next define a natural transformation G : idppos : JP oU by Gx : (X, <) —
JPU(X)) by Gx(x) = Tx, the isomorphism defined in Proposition 2.3. Let ¢ : (X, <) —
(Y, <) be a poset morphism. To see that

Gx

(X, <) JPUX, <))
gl lﬂ’(u(g))
(Y, <) & TPUY, <))

commutes, let x € X. Then going around the top right of the diagram, we get the element

JPU(Gx(z) =({u(g) ({U eU (X, <): 12 CUY})}

=({Vveuwy)zeg(V)} =({Veuy):gx) eV}
= Gy(g(z).

Thus, the diagram commutes. This finishes the proof that FDL and FPos are dual. O

Let B be a finite Boolean algebra. Then join prime elements of B are atoms; consequently,
the order relation R is the equality relation; thus, (7P (B), R) is identified just with the set

5



JP(B). Conversely, let X be a finite set, and define < to be the equality relation. Then
< is the trivial partial order. Then U(X <) = P(X), and so P(X) is a Boolean algebra.
The propositions above then yield isomorphisms B = P(JP(B)) as Boolean algebras and
JP(P(X)) = X as sets. Moreover, our duality restricts to a duality FBA = FSet between
the category of finite Boolean algebras and the category of finite sets. This is then a special
case of Stone duality, where a Stone topology on a finite set is necessarily the discrete
topology.

Let L be a finite distributive lattice. The lemma above proves PF(L) = {1p : p € JP(L)}.
Since Tp C Tq if and only if ¢ < p, we see that pRq if and only if Tp C T¢, and so
(PF(L),C) = (JP(L), R). Looking ahead, we see that Birkhoff duality is a special case of
Priestley duality; in general we do not recover a lattice from the set JP(L) and so must
work with PF(L). This is because prime filters need not be principal.

3 Stone Duality

We now consider Stone duality for Boolean algebras. We recall that a topological space X
is said to be a Stone space if X is compact, Hausdorff, and O-dimensional. Thus, X has a
basis of clopen sets. Let BA denote the category of Boolean algebras. We also denote by
Stone the category of Stone spaces. Maps in Stone are simply continuous maps.

Lemma 3.1. Let L be a bounded distributive lattice. Then PF(L) is a Stone space.

Proof. We first note that PF(L) is 0-dimensional, since our standard basis consists of clopen
sets. Next, to see that PF(L) is Hausdorff, let P and @ be distinct prime filters on L.
Either P Z @ or Q Z P; suppose the former happens. Take a € P with a ¢ Q. Therefore,
P € p(a) and @ € ¢(a)¢. We have thus separated P and @ by disjoint open sets, so PF (L)
is Hausdorff. Finally, we show that PF(L) is compact. To do this, it is enough to prove
that if we have a cover of PF(L) of basic open sets, then the cover has a finite subcover.
So, suppose that PF(L) = U;¢(a;) U U, (b;)¢ for some a;,b; € L. This implies that
M, ¢(b;) €U, ¢(a;). Let I be the ideal generated by the a; and let I be the filter generated
by the b;. If NI = &, then Lemma 1.4 shows that there is a prime filter P with ' C P
and P NI = @. However, we see that P € [, p(b;) since F' C P. Therefore, P € ¢(a;) for
some ¢. However, this means a; € P, so P N[ is nonempty. This contraction shows that
F NI # @. By definition, we have an inequality of the form by A --- A b, < a1 V-V .
This yields ¢(by) N ---N@(b,) C @(a1) U---Ug(ay). Therefore, PF(L) is covered by the
finite collection ¢(ay), ... (am), o(b1)¢, ..., o(by)¢. Thus, PF(L) is compact. O

Let B be a Boolean algebra. We point out that prime filters are ultrafilters; to see this
if P is a prime filter, then a ¢ P implies that —a € P since aV —a = 1 € P. Then the filter
generated by P U {a} is not proper, so P is an ultrafilter.

We now define contravariant functors from BA to Stone and vice-versa. For PF :
BA — Stone, we define it on objects by sending B to PF(B). For maps, given a Boolean
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homomorphism f : B — C, we define PF(f) : PF(C) — PF(B) by Q — f~HQ). It is
easy to see that this is a well-defined function, since the pullback of a prime filter under a
Boolean map is a prime filter. Moreover,

PFE()"Hpb) ={Q € PF(C) :be [7H(Q)}
={Q e PF(C): f(b) € Q} = p(f(b))-

Thus, PF(f) is continuous. It is elementary to see that PF does define a functor.

Let X be a Stone space. We denote by C(X) the set of clopen sets in X. It is clear that
C(X) is a Boolean algebra under ordinary set union, intersection, and compliment. Define
C : Stone — BA on objects by X — C(X), and for maps, if f : X — Y is a continuous
map between Stone spaces, then define C(f) : C(Y) — C(X) by U — f~1(U). Tt is clear
that a continuous map pulls back clopen sets to clopen sets, and because the pullback map
is a Boolean homomorphism from P(Y) to P(X), its restriction to C(Y') is also a Boolean
map. It is then elementary to see that C is indeed a functor. Our goal in this section is to
prove that PF and C provide a duality between BA and Stone. We start by seeing that
we recover B as C(PF(B)).

Lemma 3.2. Let C be a clopen subset of PF(B). Then C = p(a) for some a € B.

Proof. We have already noted that o(a) is clopen for every a € B; we are claiming the
converse in the lemma. Let C' be a clopen subset of PF(B). Then C = ¢(A) for some
subset A of B since C is closed. Because ¢(a) is open for each a, and since ¢(a) C C
if and only if @ € A, we have an open cover {¢(a):a € A} of C. Since C is compact,
C = p(a;) U---Up(a,) for some a; € C. However, this yields C' = p(a; V -+ V a,), as
desired. O

Proposition 3.3. Let B be a Boolean algebra, and let PF(B) be the space of prime filters
on B. Then the map Fp : B — C(PF(B)), given by Fg(b) = ¢(b), is an isomorphism of
Boolean algebras.

Proof. We first point out that C(PF(B)) is a Boolean algebra. It is clear that intersections
and unions of two clopens is again clopen, that the compliment of a clopen is clopen, and
that PF(B) and & are clopen. Thus, C(PF(B)) is a Boolean subalgebra of the power set
of PF(B). The map Fp is well defined, and is surjective by the lemma. Moreover, it is a
Boolean homomorphism since p(a) U p(b) = ¢(a Vv b) and ¢(a) N p(b) = p(a Ab), along with
v(a)® = ¢(—a); this last equality is clear since no filter contains both @ and —a, but every
maximal filter contains one or the other. Finally, we prove that Fp is injective. Suppose
that a # b. We may assume that a £ b, so a A —b # 0. By Lemma 1.4, there is a prime filter
P containing a A —b. Therefore, a, —b € P. It thus does not contain b, and so P € ¢(a) but
P & o(b). Therefore, ¢(a) # ¢(b), finishing the proof. O

Proposition 3.4. Let X be a Stone space. Then the map Gx : X — PF(C(X)), defined by
Gx(x) ={U € C(X) : x € U}, is a homeomorphism.
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Proof. We first show that G x(z) is a prime filter of C(X) to see that Gx is well-defined. It is
clear that Gx () is an upset in C(X). If U,V € Gx(z),thenz € Uandy € V,sox € UNV;
thus, UNV € Gx(x). Next, to see that Gx(x) is prime, suppose that UUV € Gx(z). Then
x € UUV, soeitherx € Uoraz e V. Thus, U € Gx(x) or V € Gx(z). Thus, Gx(z) is a
prime filter. Next, we show that Gx is continuous. Let U € C(X), and consider the basic
clopen set o(U) ={P € PF(C(X)) : U € P}. Then

Gx'(p(U) ={z € X :g(z) € p(U)} ={z € X : U € g(x)}
={reX:zecU}=U

Thus, Gx is continuous. We note that {z} = [ Gx(z) for any z € X; this follows because
X is 0-dimensional, so every point of X can be separated from z by a clopen set. Therefore,
if Gx(x) = Gx(y), then x = y. The map Gy is then 1-1. It is also surjective; if P is a prime
filter in C(X), then consider (] P. This is nonempty since P, as a collection of closed subsets
of X, has the finite intersection property. If (| P contains distinct points z,y, then there is
a clopen set U with z € U and y € X\U. Moreover, either U € P or X\U € P. If U € P,
then y ¢ () P; a similar contradiction happens if X\U € P. Thus, (P = {z} for some
x € X. Thus, P C Gx(x). However, P and Gx(z) are both prime, hence maximal, filters
on C(X). Thus, P = Gx(x). Finally, we point out that since Gx is a bijective continuous
map between Stone spaces, it is a homeomorphism. L]

Theorem 3.5. The functors PF and C give a co-equivalence between BA and Stone.

Proof. To show that PF and C yield an equivalence of categories, we define a natural iso-
morphism F : idga — C o PF. For B a Boolean algebra, define Fz : B — C(PF(B))
by Fg(b) = ¢(b). As we saw in Proposition 3.3, F' is an isomorphism of Boolean alge-
bras. It is easy to see that F'is a natural transformation, since if f : A — B is a Boolean
homomorphism the diagram

Fa

A C(PF(A))
f J{C(Pf(f))
B C(PF(B))

clearly commutes, since if a € A, then

C(PF(f))(Fa(a)) = C(PF(f)) (¢(b)) = PF(f) " (¢(a))
={QePFB): Q) epb)} ={QePFB):ac f(Q)}
={Q: f(a) € Q} = Gp(f(a)).

Next, define G : idstone — sot by Gx : X — PF(C(X)), for a Stone space X, as Gx(z) =
{U € C(X) :2 € U}. We say in Proposition 3.4 that Gx is an isomorphism. Moreover, the



diagram
Gx

X PF(C(X))
gJ{ iP]—'(C(g))
y PFC(Y))

is commutative, since if x € X, then Gy (f(z)) ={V € C(Y) : f(z) € V} and

PFC(/))(Gx(x) =PF(C(f) (U € C(X) :z € U})
=C()'{UeCX):zeU})={VelY):zec f'(V)}
={VeclY): f(z) eV} =0GCGy(f(x))

This finishes the proof that we have a co-equivalence of categories. O

4 Priestley Duality

In this section we extend Stone duality to the case of bounded distributive lattices to obtain
Priestley duality. If L is a bounded distributive lattice L, then we do not necessarily recover
L as C(PF(L)), since this construction produces a Boolean algebra. Thus, we need to
determine how to recover L from PF(L). We point out the simple fact that if a € L and if
P € ¢(a), then Q € ¢(a) for any prime filter ) with P C (). Keeping this in mind, inclusion
is a partial order on PF(L). In other words, if P and @ are prime filters on L, then P < @
if P C Q. Then ¢(a) is a clopen upset of PF(L) for each a € L. We now discuss the general
situation.

Definition 4.1. Suppose that (X, <) is a Stone space with a partial order. We say that
(X, <) satisfies the Priestley separation axiom if for all z,y € X with x £ y, there is a
clopen upset U with x € U andy ¢ U.

We consider the category PS of ordered Stone spaces, where the maps are continuous
and order preserving maps. We call objects of this category Priestley spaces. Let L be a
bounded distributive lattice. The space PF(L) then is a Stone space by Lemma 3.1. We
start by showing that (X, <) satisfies the Priestley separation axiom: if x € y, then there is
a clopen upset U with x € U and y ¢ U.

Lemma 4.2. If L is a bounded distributive lattice, then (PF(L),C) is a Priestley space.

Proof. Let P and @ be prime filters on L with P Z (. Then there is an a € P with a ¢ Q.
Thus, P € p(a) but Q ¢ ¢(a). Therefore, ¢(a) is a clopen upset containing P but not Q. [

We now see how to recover L from PF(L) using the partial order.

Lemma 4.3. The clopen upsets of PF(L) are precisely the sets p(a) for a € L.



Proof. We have already noted that each (a) is a clopen upset. Conversely, let U be a
clopen upset of PF(L). For each P € U and ) € PF(L)\U, we have P Z @ since U is an
upset. Thus, there is apg € L with apg € P and apg ¢ (). Therefore, P € ¢(apg) and
Q € plapg)®. Thus, PF(L)\U is covered by the various ¢(apg)®; by compactness, we have

PFLNU C | Jelarg,)” = ¢lap),

=1

where ap = apg, A -+ A apg,. Consequently, P € p(ap) C U. Because U is the union of
the various p(ap), compactness implies that U is a finite union | J;*, ¢(ap,) = ¢(a), where
a=ap V---Vap,. [

If (X, <) is a Priestley space, we denote by CU(X <) the clopen upsets of (X, <).

Proposition 4.4. If L is a distributive lattice, then the map Fp, : L — CU(PF(L),C),
defined by Fr(l) = p(l), is a lattice isomorphism.

Proof. We have the injective lattice homomorphism ¢ = Fy, : L — CU(PF(L),C). It is
surjective by the previous lemma classifying the clopen upsets of PF(L); thus, it is a lattice
isomorphism. O

Proposition 4.5. If (X, <) is a Priestley space, then Gx : (X <) - PF(CU (X,<),C) is
an isomorphism of Priestley spaces.

Proof. Define Gx : X — PF(CU(X,<),C) by Gx(x) = {UeCU(X,<):xeU}. It
is easy to see that Gx(z) is a prime filter; the argument is the same as in the proof of
Proposition 3.4. Furthermore, if z < y and U € Gx(z), then x € U, so y € U. Thus,
U € Gx(y). This proves that Gx(z) C Gx(y), so Gx is order preserving. Next, let U be a
clopen upset in X, and consider the basic clopen set p(U) = {P € PF(CU (X,<):U € P}.
Then

G (p(U)) ={r € X 1 g(x) € p(U)} ={r € X : U € g(2)}
={reX:zeU}=U,

so G'x is continuous. The Priestley separation axiom shows that, if z € X, then any point in
X not above z can be separated from z by a clopen upset. Thus, 1z = [ Gx(z). From this
it is clear that if Gx(z) = Gx(y), then x = y, and if Gx(x) C Gx(y), then = < y. Moreover,
to see that G'x is surjective, we note that Gx(X) is closed in PF(CU (X, <), C) since X
is compact and the target is Hausdorff. If Gx is not surjective, then there is a prime filter
P of CU (X, <) not contained in G'x(X). Therefore, there is a clopen set V of CU (X, <)
missing Gx(X) and containing P. We may assume that V' = ¢(U;) N ¢(Uz)¢ for some
Uy, Uy € CU (X, <) since V is a finite union of such sets. Now, @ = G (V) = G5 (¢(U1)) N
G (p(Uy)e. However, G5! (p(U)) = U, as we say earlier. Therefore, @ = U; N US, implying
that Uy C Us. But then o(U;)Ne(Usz)¢ = @. This contradiction shows that Gy is surjective.
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Therefore, Gx is a bijection, and is an isomorphism of posets. Furthermore, since it is
a continuous bijection between Stone spaces, it is a homeomorphism. Thus, (X, <) and
PF(CU (X, <),C) are isomorphic as Priestley spaces.

We now work categorically. Let BDL be the category of bounded distributive lattices and
lattice homomorphisms, and let PS be the category of Priestley spaces and continuous order-
preserving maps. We have defined PF : BDL — PS on objects. On maps, let f: L — M
be a lattice homomorphism. Define PF(f) : PF(M) — PF(L) by PF(f)(Q) = f~1Q),
the same way we defined it for maps between Boolean algebras. It is easy to see that PF is
then a functor. Next, we have defined CU{ : PS — BDL on objects. On maps, ifg: X — Y
is a Priestley morphism, define CU(g) : CU(Y) — CU(X) by CU(g)(V) = g (V). Tt is easy
to see that this is well-defined, and that CU is a functor. O]

Theorem 4.6. The functors CU and PF give co-equivalence of categories between BDL
and PS.

Proof. Define natural transformations F' : idgpr, — CU o PF by Fr, : L — CU(PF(L), Q)
as in Proposition 4.4. Then F7}, is an isomorphism. To see that the diagram

L L cu(PF(L))
f lCU(P}'(f))
M M CU(PF(M))

commutes, let [ € L. Then

CUPF () (1)) = PF(f) " e(l)) ={Q e PF(M): f71(Q) € p(l)}
={QePFM):le f(Q)}={QePFM): f(l) e Q}
= Fu(f(1)).

Next, define G : idps — PF o CU as in Proposition 4.5. Let g : X — Y be a morphism of
Priestley spaces. To see that the diagram

Gx

X PF(CUX))
g lP}'(CU(g))
Y & PFCUN))

commutes, let x € X. Then

PF(CU(9))(Cx(x) ={V eCUY): g7 (V) € Gx(2)} ={V eCUY) :x € g7'(V)}
={Veculy):g(x) e V} = Gy(g(x)).

Therefore, ' and G yield a co-equivalence between BDL and PS. O
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5 Heyting Duality

In this section we extend Priestley duality to the category of Heyting algebras. Recall that
a bounded distributive lattice H is said to be a Heyting algebra if H has a binary operation
—, called implication, such that x < a — b if and only if a Az < b. Symbolically, implication
is given by

a—>b:\/{:1c€H:a/\x§b}.

The complication is that arbitrary joins of elements need not exist in a lattice, so the existence
of an implication is not automatic. While we do not need the following fact in this note, if
H is a lattice in which joins of arbitrary subsets exist, then H is a Heyting algebra if and
only if H satisfies the infinite distributive law

a/\\/B:\/{a/\b:bEB}

for all subsets B of H.

Let HA be the category whose objects are Heyting algebras and whose morphisms are lat-
tice homomorphisms which preserve implication; these maps are called Heyting morphisms.
We wish to restrict Priestley duality to the category HA; we thus need to determine which
Priestley spaces are duals of Heyting algebras, and which morphisms of such spaces are dual
to Heyting morphisms. Let ¢ : (X, <) — (Y, <) be a morphism of posets. We say that g is a
p-morphism if for every x € X and z € Y with g(z) < z, there is an 2’ € X with z < 2’ and
g(z') = z. A Heyting space is a Priestley space (X, <) such that if U is clopen in X, then |[U
is clopen. Alternatively, (X, <) is a Heyting space if for every open set U, then downset |[U
is open. The equivalence of these conditions follows from Lemma 5.1 below. A morphism
of Heyting spaces is a continuous p-morphism. The category HS consists of all Heyting
spaces and morphisms of Heyting spaces. In this section we will see that Heyting spaces are
exactly those Priestley spaces which are dual to Heyting algebras, and that Priestley duality
restricts to a duality between HA and HS. We start with some preliminary lemmas.

Lemma 5.1. Let (X, <) be a Priestley space.

1. The set < is a closed subset of X x X.

2. If C is closed in X, then TC' and |C are closed in X.

Proof. Let (z,y) € (X x X)\ <. Then x « y. Therefore, there is a clopen upset U with = €
U and y € X\U. Since U is an upset and X\U a downset, we see that U x (X\U)N <= &.
Therefore, U x (X\U) is an open neighborhood of (x,y) missing <. Therefore, < is closed
in X x X.

To prove the second statement, we note that 1C' = m, (A~}(C)N <). Since X is compact,
the projection maps are closed. Thus, 1C is closed. Similarly, as |C = m; (V71(C)N <), we
see that |C' is closed. O
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Lemma 5.2. Let H be a Heyting algebra. If a,b € H, then |¢(a) Np(b)° = p(a — b)°.

Proof. Let a,b € H. Since aA(a — b) < b, we have p(a)Np(a — b) C p(b), so p(a)Ne(b)® C
¢(a — b)°. Because p(a — b)° is a downset, | p(a) Np(b)® C ¢(a — b)°. For the reverse
inclusion, let P € p(a — b)°. Then P is a prime filter with a — b ¢ P. We wish to find
a prime filter @ with P U {a} C @ and b ¢ Q. Note that if a,a — b € @, then b € Q.
Therefore, it is enough to make sure that a — b ¢ Q). Such a prime filter @) exists if the filter
F generated by P U {a} does not contain a — b, by Lemma 1.4. If F' contains a — b, then
there is x € P with aAx < a — b. Then (a Ax)Aa < b, by the definition of a — b. But then
a Nz <b, forcing x < a — b. This is a contradiction since x € P and a — b ¢ P. Thus, we
have a prime filter Q with P C Q, a € @, and b ¢ Q). Therefore, P € lgp(a) N (b)¢. This
finishes the proof. O

Lemma 5.3. Let f : X — Y be a poset morphism. Then the following conditions are
equivalent.

1. f is a p-morphism.
lf A) for every subset A C Y.

lf ({y}) for everyy €Y.

Proof. Suppose that f is a p-morphism and A C Y. Since f~1(A) C f~!1(lA), and the latter
is a downset, we have | f~1(A) C f~*(|A). For the reverse inclusion, let z € f~* (] A). Then
f(z) < a for some a € A. Since f is a p-morphism a= f( " for some 2’ € X with z < 2/.
Then 2’ € f~'(A), so x € | f7'(A). Therefore, f! = | f7Y(A) for every AC Y. The
implication (2) = (3) is trivial. Finally, assume that (3) holds. Suppose that + € X and
y € Y with f(z) <y. Then f(z) € ly,sox € f~! = | f~'(y). Therefore, z < z for
some z € f~Y(y). Therefore, y = f(z). This proves that f is a p—morphism. O]

We now consider the functor PF : BDL — PS, but restricted to HA.
Lemma 5.4. If H is a Heyting algebra, then (PF(H),C) is a Heyting space.

Proof. Let U be a clopen set in PF(H). Then U = [J;_, ¢(a;) N @(b;)¢ for some a;,b; € H.
By Lemma 5.2, we have |U = J [¢(a;) No(b;)* = Jp(a; — b;)¢, a clopen set. Therefore,
(PF(H),C) is a Heyting space. O

Lemma 5.5. Let f : H — H' be a Heyting morphism. Then PF(f) : PF(H') — PF(H)
s a p-morphism.

Proof. Let Q € PF(H') and P € PF(H) with f~1(Q) C P. For notational convenience, we
will denote PF(f) = g. Let C be a clopen set in PF(H) containing P. Then C is a finite
union of sets of the form ¢(a) N p(b)® with a € P and b ¢ P. We have

g (Lela)ne®)) =g ' (pla— b)) =g~ (p(a — b)°
= (f(a — b)) =o(f(a) — f(b)°
= (@) Ne(f(b)°) .
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By considering finite unions, we then see that g~' (|C') = | g7*(C) for any clopen set. Since
9(Q) C P, we see that Q € ¢g7' (|C) = |¢g7*(C) for any clopen C' containing P. Thus,
1Q Ng Y(C) # @. Since the set of clopens Containing P are closed under finite intersections,
compactness implies that () (TQ N g~ (C)) # @, where the intersection is over all clopens C
containing P. This yields 1Q N[ g~} (C) # &, so 1Q Ng~' ({P}) # @. Therefore, there is
Q' with @ C Q" and ¢(Q’) = P. This proves that g = PF(f) is a p-morphism. O

The previous two lemmas show that PF is a functor from HA to HS. We now consider
the restriction of the functor CU : PS — BDL restricted to HS.

Lemma 5.6. Let (X, <) be a Heyting space. Then CU (X, <) is a Heyting algebra, where
implication is defined by U — V = (JUNV®)".

Proof. Let U,V be clopen upsets. Then UNV* s clopen, so |[U N V¢ is clopen, since (X, <) is
a Heyting space. Thus, ([U NV°°) is a clopen upset. We then define U — V = (JU N V*¢)".
To see that CU (X, <) is a Heyting algebra, we only need to check that for any clopen
upset W, we have U N W C V if and only if W C U — V. One direction is easy; since
U=V CUNV) wehave UN(U—-V)CUN{UNV)=UNUUV)CV. For the
converse, suppose that U "W C V. Then UNV® C W€ Since W€ is a downset, we get
lonve Ccwe Thus, W C (lUNV)=U — V. O

Lemma 5.7. Let g : (X, <) — (Y,<) be a morphism of Heyting spaces. Then g~
CU (Y, <) — CU (X, <) is a Heyting morphism.

Proof. We know that g~! is a lattice homomorphism, so we only need to show that g~!
preserves implication. Let U,V be clopen upsets of Y. Since ¢} (U)Ng (U — V) =
g UNU — V) Cgl(V), we see that g7 (U — V) C g (U) — ¢ (V). For the
reverse inclusion, suppose that # ¢ ¢~ (U — V). Since U — V = ([UNV*¢)", we have
r e gt (lUNV®), so g(x) € lUNV®. Therefore, there is y € U NV with g(x) < y. Since
g is a p-morphism, there is 2z € X with x < z and y = g(z). Then z € g (U NV¢) =
g M U)N g (V)e. Thus, z € [¢g"(U)Ng " (V)¢, and so z ¢ ¢ *(U) — ¢ '(V). This
proves the reverse inclusion. Thus, g7 (U — V) = ¢ ' (U) — g 1(V), so g~! is a Heyting
morphism. 0

Thus, CU is a functor from HS to HA. We now see that these categories are dual to
each other. Much of the work involved we did verifying Priestley duality.

Proposition 5.8. Let H be a Heyting algebra. Then there is a Heyting isomorphism Fy :
H — CU(PF(H)), given by Fy(h) = ¢(h) ={P € PF(H) : h € P}.

Proof. We have seen in Proposition 4.4 that Fj is an isomorphism of distributive lattices.
Thus, we only need to check that Fpy preserves implication. Let a,b € H. Then Fy(a —
b) = p(a — b). Now, p(a — b) = (|¢(a) b)°)" = ¢(a) — ¢(b), by Lemma 5.6. Thus,
Fy is an isomorphism of Heyting algebras. O
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Proposition 5.9. Let (X, <) be a Heyting space. Then there is an isomorphism of Heyting
spaces Gx : (X, <) = PF(CU (X,<),Q), given by Gx(z) ={U € CU (X,<):xz € U}.

Proof. We saw in Proposition 4.5 that GGy is an isomorphism of Priestley spaces. Since Gx
and G}l are then, in particular, poset isomorphisms, they are both clearly p-morphisms.
Thus, Gx is an isomorphism of Heyting spaces. n

Theorem 5.10. The functors CU and PF give a co-equivalence of categories between HA
and HS.

Proof. We have natural transformations F' : idga — CU o PF and G : idgs : PF o CU,
defined in the previous two propositions; that they are natural transformations follows from
the arguments of Theorem 4.6 along with the lemmas above. O]

6 Priestley and Spec

In this section we prove that the categories of spectral spaces and Priestley spaces are
isomorphic. Moreover, we interpret Priestley duality in terms of spectral spaces. To start,
we make a note of the choice of topology on the spectrum of a distributive lattice. Recall
that if R is a commutative ring, then the Zariski topology on Spec(R) is defined by a set
is closed if and only if it is of the form Z(I) = {P € Spec(R) : I C P}. To mimic this for
a distributive lattice, let X = PF(L), and let Y be the set of prime ideals of L. Then
complementation is an order-reversing bijection from X to Y (and vice-versa). If we define
the analogue of the Zariski topology on Y, it pulls back to a topology on X. Moreover, if
a€ L,then Z(la)*={Q €Y :a ¢ Q} is pulled back to {P € X : a € P} = ¢(a). Thus, the
corresponding topology has the sets {¢(a) : a € L} as basic open sets, but not necessarily
clopen. As we will see, defining a topology on PF(L) with basis {¢(a) :a € L} will give
a spectral topology on PF(L). We will see that the Stone topology on PF(L) is obtained
from this spectral topology by means of the patch topology

The category Spec of spectral spaces has as its objects spectral spaces. These are topo-
logical spaces (X, 7) which are compact and Ty, the collection of compact open subsets forms
a basis for the topology and is closed under finite intersections, and (X, 7) is sober; meaning
that each closed irreducible subset of X is the closure of a point. Morphisms in Spec are
continuous maps such that the preimage of a compact open set is compact open; these maps
are called spectral maps. We recall that if (X, 7) is a topological space, then the specializa-
tion order <, is defined by z <, y if x € @ This is a quasi-order in general, and is a
partial order if and only if (X, 7) is Ty. For some notation, we denote by CO(X, T) the set
of compact open subsets of (X, 7).

We define functors P : Spec — PS and § : PS — Spec as follows. If (X,7) is a
spectral space, then P(X,7) = (X,7#,<,), where the patch topology T is the topology
with subbasis

{V:VeCOX,t)or V- e CO(X,T)}.
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The collection {U NW¢: U, W € CO(X, 1)} is a basis for 7# since CO(X, 7) is closed under
finite intersections. The topology 7# is a finer topology than 7; this follows from the fact
that CO(X, 7) is a basis for 7. If f is a spectral map, we define P(f) = f. For the functor
S, if (X, p, <) is a Priestley space, then S(X, p, <) = (X, p,), where p, is the set of open
upsets of (X, p,<). We will prove that Spec = PS by showing that P and S are inverse
functors. We start off by considering spectral spaces and P. The hardest result to prove in
this section is that the patch topology 77 is compact; this is done in the following.

Proposition 6.1. Let (X,7) be a spectral space. Then (X,7#,<.) is a Priestley space.

Proof. Let (X, 7) be spectral. The relation <, is a partial order since 7 is Ty. To show that
the Priestley separation axiom holds, suppose that z « y. Then z ¢ @ Therefore, there
is a compact open set U with x € U and y ¢ U. Then U is clopen in 7%, and is an upset
with respect to the specialization order. So, we have separated x and y by a clopen upset in
7#. Thus, the axiom holds. We next show that (X, 7#) is a Stone space. By construction,
it is clear that (X, 7#) has a basis of clopen sets; this shows that (X, 7%#) is 0-dimensional.
It is also T} since 77 is finer than the Ty-topology 7. However, O-dimensionality then forces
7% to be Ty. Finally, we need to show that (X, 7#) is compact. Let K be a collection of
closed sets in 7# with the finite intersection property (FIP). We need to show that () K is
nonempty. Because each closed set is the intersection of basic closed sets, the collection of
all basic closed sets containing some element of K is a collection of closed sets satisfying the
FIP and whose intersection is equal to [ K. Thus, we may assume K contains just basic
clopen sets. This means each C' € K is of the form UNV with U and V¢ compact open in 7.
Then the collection of all such U and V' is also a collection of closed sets with the FIP and
having the same intersection as K. So, we replace K by this new collection. Finally, to prove
that () K is nonempty, it suffices to replace K by a collection containing K and maximal
with respect to containing only compact open sets and/or closed sets and having the FIP.
So, now assume that K is a collection of compact opens and closed sets of 7 maximal with
respect to having the FIP. Let C' be the intersection of all closed sets in K. Then C is
nonempty since this collection clearly has the FIP and since (X, 7) is compact. Note that
K U{C?} has the FIP, so maximality shows that C' € K. We prove that C is irreducible.
Suppose that C'= AU B, the union of closed subsets. If K U{A} and K U{B} do not have
the FIP, then there are C; € K with C1N---C,,NA =@ and C,, ;1 N---NC,,NB = @. Then
(Cyn---NnCy)NC = @, a contradiction. Thus, one of these collections has the FIP. By
maximality, one of A or B is in K. The definition of C' then shows that C = A or C' = B.
Thus, C is irreducible. Let 2 € C' with C' = {z}. Then z is contained in any closed set in
K by definition of C'. The point z is in each open set in K by the FIP: if U € K is open,
then as C' € K, we have U N C' is nonempty. So, U ﬁm is nonempty, forcing x € U. Thus,
r € () K, proving that this intersection is nonempty. Therefore, (X, 7#) is compact. O]

Proposition 6.2. Let (X, 7) be a spectral space. Then T = (77),.
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Proof. Let (X, 1) be spectral. If U is open in 7, then U is the union of compact opens.
Each compact open is a clopen upset in (X, 7%, <) by definition, and by the trivial fact that
an open set is an upset with respect to the specialization order. So, U is an open upset in
(X, 7#,<). Conversely, let U be an open upset in (X,7#,<), and take x € U. If y ¢ U,
then @ £ y since U is an upset. So, there is a compact open set V, containing = but not y.
Note that V, is closed in the patch topology, as is U¢. The collection {V, :y ¢ U} U {U*}

has empty intersection, by construction of the V. By compactness, there are y1,...,y, € U°
with V, Nn---NnV, NU® = @. Thus, V,, Nn---NV, C U. The left hand side is an open
neighborhood of x contained in U. This proves that U is open in 7. O]

Lemma 6.3. Let (X, 1) be a spectral space. A subset U is compact open if and only if U is
a clopen upset in 7.

Proof. Let (X, 7) be spectral. If U is compact open in 7, then U is clopen in 7% by definition.
Furthermore, any U € 7 is an upset with respect to <,. Thus, U is a clopen upset in
(X, 7%, <,). Conversely, let U be a clopen upset in (X, 7%, <,). We know that U is open in
7 by Proposition 6.2. Moreover, U is compact in 7# since it is closed and (X, 7#) is compact.
Since 7 is a smaller topology, U is also compact in 7. O

Lemma 6.4. Let (X,7) and (Y,0) be spectral spaces. A continuous map f : X — Y
preserves the specialization orders. Furthermore, f is a spectral map if and only if f is
continuous with respect to the patch topologies.

Proof. Let f : X — Y be aspectral map. It automatically preserves the specialization order;
for, if x1 < x5 in X, then z; € @ This is equivalent to: For every open set U, if xy € U,
then 2o € U. Let V be open in Y with f(x1) € V. Then 2y € f~5(V). Thus, 25 € f~1(V),
so f(zy) € V. Therefore, f(xy) € {f(z2)}, so, f(x1) < f(x2). This shows that f is order
preserving. To see that f is continuous in the patch topology, let U be a subbasic open set
in Y in the patch topology. Then U = V NW¢ with V and W compact open subsets of ¥ in
the original topology. Then f~1(U) = f~(V)N f~1(W)¢ is open in the patch topology, since
Y V) and f~Y(W) are compact open. Thus, f is continuous. Conversely, if f is continuous
and order preserving in the patch topologies, let V' be open in (Y,0). Then V' is an open
upset in ¢ by Proposition 6.2. So, f~YV) is an open upset in T# since f is a continuous
and order-preserving map, which yields f~*(V) € 7, again by the proposition. Thus, f is
continuous in the spectral topology. Finally, let V' be compact open in 0. We need to show
that f~1(V) is compact. However, by Lemma 6.3, V is a clopen upset in o#, and so f~1(V)
is a clopen upset in 7#. Thus, by that lemma, f~1(V) is compact open in 7. O]

Corollary 6.5. P is a functor from Spec to PS.

Proof. Let (X, 7) be a spectral space. By Proposition 6.1, (X, 7%, <,) is a Priestley space.
From the definition of how P acts on maps, along with Lemma 6.4, we see that P is indeed
a functor. [
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We now investigate Priestley spaces and the functor S.

Lemma 6.6. Let (X, p, <) be a Priestley space. A subset U of X is a clopen upset if and
only if U is compact open in p,.

Proof. Let (X, p, <) be Priestley and let U be a clopen upset in p. Then U is open in p,
by definition. To see that U is compact in pg, suppose that {V; :i € I} is an open cover of
U in p,. Then it is also an open cover of U in p. Since (X, p) is compact and U is clopen,
U=ViU---UV, for some ¢. Thus, U is compact in p,. Conversely, let U be compact open
in p,. Then U is an open upset in p by definition. To see that U is clopen, note that U¢ is
a closed downset. An argument analogous to the proof that a compact Hausdorff space is
normal shows that if X is a Priestley space, whenever A is a closed upset and B is a closed
downset with A N B = &, then there is a clopen upset V with A C V and BNV = &.
So, for each x € U, there is a clopen upset V, containing x and missing U¢. This gives
reV, CU,soU = J,y Ve The V, are open in p,; thus, compactness of U in p, implies
that U =V, U---UV, for some z; € U. Thus, U is clopen in p. O

Proposition 6.7. Let (X, p, <) be a Priestley space, then (X, p,) is a spectral space.

Proof. Let (X, p, <) be Priestley. We need to prove that (X, p,) is compact, Ty, has a basis
of compact open sets, the set CO(X, p,) of compact opens is closed under finite intersections,
and (X, p,) is sober. Compactness and Ty are easy: First, if {V;} is a cover of X with each
Vi € p,, then each V; is open in p. Since (X, p) is compact, there is a finite subcover. For Tj,
if © # y, suppose that @ £ y. By the Priestley separation axiom, there is a clopen upset V
containing x but not y. This set is open in p,, which is what we need. Next, we claim that
an open upset is the union of clopen upsets, which says that an open set in p, is the union of
compact open sets in p,; this latter statement follows from Lemma 6.6. To prove the claim,
if U is an open upset, then U¢ is an open downset. For each x € U, the Priestley separation
axiom yields a clopen upset V, containing x and missing U¢. Then V,, C U. The set U is the
union of the V,, which means U is a union of compact opens in p,. So, the claim is proved.
Closure of CO(X, p,) under finite intersections is also easy by Lemma 6.6 since the finite
intersection of clopen upsets is a clopen upset. Finally, to prove that (X, p,) is sober, let C
be a closed irreducible subset of X with respect to p,. Consider the collection {U; :i € I'}
of all compact open sets in p, which intersect C. This collection consists of clopen sets in
p. We show that it has the FIP. If Uy n---NU, = &, then C = (UfNC)U---U (USNC).
However, this is a finite union of closed subsets of C'. By irreducibility, C' = U N C for some
1. However, this forces C N U; = &, a contradiction to the assumption. By compactness of
(X, p), the intersection of the collection is nonempty; let x lie in the intersection. Thus, for
every compact open U in p, intersecting C', we have x € C'. We claim that C' = m All we
need to see is that every open set W in p, which meets C' contains x. However, any such W
is the union of compact opens; this is because W is an open upset in p, and so is the union of
clopen upsets (see the proof above), and so is the union of compact opens in p,, by Lemma
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6.6. Thus, if W meets C, then some compact open subset meets C, and then contains x.
So, x € W. This proves C' = {z}. Therefore, (X, p,) is spectral. O

Lemma 6.8. Let (X, p, <x) and (Y, ¢, <y) be Priestley spaces. If f : X — Y is a Priestley
morphism, then f: (X, p,) — (Y, ¢,) is a spectral map.

Proof. Let f: X — Y be a Priestley map. Then f~! sends upsets to upsets and open sets
to open sets. So, if V is an open upset in Y, then f~1(V) is an open upset in X. Thus, f is
continuous with respect to the spectral topologies on X and Y. O

Corollary 6.9. S is a functor from PS to Spec.
Proof. This follows by Proposition 6.7 and Lemma 6.8. O

Proposition 6.10. If (X, p, <) is a Priestley space, then p = (p,)* and < is the specializa-
tion order for p,.

Proof. Let (X, p, <) be Priestley. We first prove that < is the specialization order for p,.
That is, we need to show that x < y if and only if z € @, where the closure is measured
with respect to p,. First, suppose that < y. Let U be an open neighborhood of z in p,.
Then U is an open upset in p. Thus, y € U. This proves = € @ Conversely, suppose that
x £ y. Then there is a clopen upset V with z € V and y ¢ V. Then V is an open set in p,,
and so = ¢ {y}. Thus, < is the specialization order for p,.

We now prove that p = (p,)#. A basis for (p,)¥ is the collection of compact open sets in
p, and their compliments. Any compact open in p, is clopen in p by Lemma 6.6. Thus, the
basic open sets of (p,)? are all open in p. This proves that (p,)# C p. For the converse, it
is enough to prove that each clopen set in p is also in (p,)# since p has a basis of clopens.
So, let U be a clopen in p. Let z € U, and let y € U°. If © £ y, then there is a clopen
upset V, with z € V, and y ¢ V,. If © < y, then y £ =, so there is a clopen upset W,
with y € W, and = ¢ W,. We set V,, = Wy. Then, for each y € U, we have a clopen
set V,, which is either an upset or a downset, and with x € V,, and y ¢ V,,. The collection
{Vyc yelU C} is an open cover of U°. Since U°¢ is closed and (X, p) is compact, there are y;
with U°¢ C Vy‘fl Uu---u Vy‘;. Thus, V,, N---NV,, CU. Moreover, this intersection contains x
and is open in (p,)#. Therefore, for each x € U we have produced an open neighborhood,
with respect to (p,)#, containing z and contained in U. This proves that U is open in (p,)#.
This finishes the proof that p = (p,)*. O

Corollary 6.11. The functors P and S are inverses to each other. Thus, Spec and PS are
1somorphic categories.

Proof. The functor § o P = idgpec by Proposition 6.2 and since both & and P send maps to
themselves. Also, P oS = idps by Proposition 6.10. O]

By considering the composition of functors BDL — PS — Spec and Spec — PS —
BDL, we rephrase Priestley duality in terms of spectral spaces.
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Theorem 6.12. The functors PF oS and CUoP give a co-equivalence of categories between
BDL and Spec.

Proof. This follows from Theorem 4.6 and the previous corollary. O]

Remark 6.13. We point out that the isomorphism PS = Spec given above can be extended.
We call a quasi-ordered topological space (X, 7, R) a quasi-Priestley space if (X, 7) is compact
and O-dimensional, R satisfies the Priestley separation axiom, and if U is an open set and
x € U, then for any y with xRy and yRz, we have y € U. Next, a topological space X is
quasi-spectral if it is compact, the set of compact open subsets is a basis and is closed under
finite intersections, and X is supersober. This latter notion means that for every ultrafilter
p, there is x € X with ﬂAepZ = m It is not hard to prove that a spectral space is quasi-
spectral. In fact, if X is a topological space, then the Ty-reflection of X is the quotient X/F,
where zFy if {x} = {y}. It then is not hard to show that X is quasi-spectral if and only
if the Ty-reflection of X is spectral. The functors described above yield an isomorphism of
categories between quasi-spectral spaces with spectral maps and quasi-Priestley spaces with
continuous order-preserving maps. The the final condition in the definition of quasi-Priestley
is needed in the proof of Proposition 6.10; in the second paragraph of the argument, we have
z € U and y € U°. If our relation is a partial order, then either z £ y or y £ x. However,
we cannot say this, in general, for a quasi-order, since we may have xRy and yRx. However,
the assumption of quasi-Priestley rules these out when x € U and y € U°.

20



