
Jurxs H{whqvlrqv dqg M�

Lq wklv qrwh zh ghvfuleh wkh wkhru| ri jurxs h{whqvlrqv lq ixoo jhqhudolw|1 Zh vhh krz wkh
frkrprorj| jurxsv M2ECc~E��� dqg M�ECc~E��� dulvh lq ghvfulelqj h{whqvlrqv ri � e| C1
Ohw C dqg � eh jurxsv1 Dv hduolhu/ dq h{whqvlrq ri � e| C lv d vkruw h{dfw vhtxhqfh

� $ � $ . $ C
Z$ ��

Zh ylhz � � .> wkhuhiruh/ � lv d qrupdo vxejurxs ri . vlqfh � ' !ihEZ�1 Zh jr wkurxjk
lghdv dqdorjrxv wr wkrvh zkhq zh frqvlghuhg � Deholdq dqg vhh zkdw lv gl�huhqw1 Iru
} 5 C fkrrvh %} 5 . zlwk ZE%}� ' }1 Qrwh wkdw %} lv ghwhuplqhg rqo| xs wr pxowlsolfdwlrq
e| dq hohphqw ri !ihEZ� ' �1 Vlqfh � lv qrupdo lq ./ frqmxjdwlrq e| %} uhvwulfwv wr dq
dxwrprusklvp ri �1 Lq rwkhu zrugv/ zh kdyh dq dxwrprusklvp /} ri � jlyhq e| /}E@� '

%}@%
3�
} 1 Wkh ixqfwlrq / G C $ ��|E�� qhhg qrw eh d jurxs krprprusklvp +qru wkh ixqfwlrq

% :$ %},> wklv lv gl�huhqw wkdq wkh fdvh zkhq � lv Deholdq1 Lq idfw/ /}/�/
3�
}� lv frqmxjdwlrq

e| %}%�%
3�
}� / zklfk qhhg qrw eh wkh lghqwlw| rq �1 Krzhyhu/ zh vhw sE}c �� ' %}%�%

3�
}� / zklfk

lv dq hohphqw ri � vlqfh ZE%}%�%3�
}� � ' �1 Wkxv/ zh kdyh d ixqfwlrq / G C $ � dqg d ixqfwlrq

s G C�C $ �1 Wkhvh ixqfwlrqv duh wlhg wrjhwkhu e| wkh irupxod

/}/� ' W?|EsE}c ���/}�� +4,

Khuh zh zulwh W?|E@� iru wkh lqqhu dxwrprusklvp | :$ @|@3�1 Ixuwkhupruh/ dvvrfldwlylw| lq
. ohdgv wr wkh jhqhudol}hg frf|foh frqglwlrq

sE}c ��sE}�c &� ' /}EsE�c &��sE}c �&�� +5,

Wr jhw dqrwkhu ylhz ri wkh ixqfwlrq // zh frqvlghu wkh rxwhu dxwrprusklvp jurxs

��|E�� ' ��|E��* W?|E��c

zkhuh W?|E�� ' iW?|E@� G @ 5 �j lv wkh qrupdo vxejurxs ri lqqhu dxwrprusklvpv1 Wkxv/
htxdwlrq +4, ohdgv wr d jurxs krprprusklvp / G C $ ��|E��> zh zulwh / iru wklv ixqfwlrq
iru frqyhqlhqfh1 Wkxv/ jlyhq d jurxs h{whqvlrq/ zh jhw d sdlu E/c s� ri ixqfwlrqv vdwlvi|lqj
Htxdwlrqv +4, dqg +5, deryh/ dqg wkdw / lqgxfhv d jurxs krprprusklvp C $ ��|E��1 Zh
fdq gh�qh dq htxlydohqfh uhodwlrq rq vxfk sdluv edvhg rq fkdqjlqj wkh %} wr +} ' @}%} iru
@} 5 �1 Zlwk wklv qhz fkdqjh/ li zh gh�qh E/�c s �� e| /�

} ' W?|E@}%}� ' W?|E@}�/} dqg
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s �E}c �� ' +}+�+
3�
}� / wkhq zh jhw s �E}c �� ' @}/}E@��sE}c ��@

3�
}� / dv lv hdv| wr fkhfn1 Wkxv/

wkhvh irupxodv ohdg wr dq htxlydohqfh uhodwlrq rq vxfk sdluv= wzr sdluv E/c s� dqg E/�c s ��

duh htxlydohqw li wkhuh duh @} 5 � zlwk /�

} ' W?|E@}�/} dqg s �E}c �� ' @}/}E@��sE}c ��@
3�
}� 1

Wklv uhodwlrq lv dq htxlydohqfh uhodwlrq/ dqg e| vlplodu dujxphqwv wr wkrvh lq Fkdswhu 919 ri
^5`/ wkhuh lv d 4�4 fruuhvsrqghqfh ehwzhhq htxlydohqfh fodvvhv ri h{whqvlrqv ri � e| C dqg
htxlydohqfh fodvvhv ri sdluv E/c s� vdwlvi|lqj wkh uhodwlrqv deryh1 Zh uhihu wr wkh sdlu E/c s�
dv d jhqhudol}hg frf|foh1

H{dpsoh 41 Ohw / G C $ ��|E�� eh d krprprusklvp1 Iru hdvh ri qrwdwlrq zh zulwh
/ G C $ ��|E�� iru dq| ixqfwlrq oliwlqj /1 Vr/ iru hdfk } 5 C zh kdyh /} 5 ��|E��1 Li zh
vhw sE}c �� ' � iru doo }c �/ wkhq E/c s� lv d jhqhudol}hg frf|foh rqo| zkhq / G C $ ��|E��

lv d jurxs krprprusklvp1 Iru/ wkh frqglwlrq /}/� ' W?|EsE}c ���/}� dqg sE}c �� ' � irufhv
/}/� ' /}�1 Wklv lqglfdwhv wkdw zh pd| qrw kdyh dq| jhqhudol}hg frf|fohv dw doo> lq idfw/
wklv fdq kdsshq1 Li / G C $ ��|E�� lv d jurxs krprprusklvp dqg sE}c �� ' � iru doo }c �/
wkhq E/c s� fruuhvsrqgv wr wkh vhplgluhfw surgxfw ri � dqg C zlwk uhvshfw wr /1

H{dpsoh 51 Frqvlghu wkh jurxs h{whqvlrq � $ �? $ 7?

t}?$ ]2 $ �1 Zh pd| fkrrvh wkh
wudqvsrvlwlrq E�2� iru %� dqg �_ iru %f1 Zlwk wkhvh fkrlfhv/ zh vhh wkdw/ dv E�2�2 ' �_/ wkdw
wkh fruuhvsrqglqj ixqfwlrq / G ]2 $ ��|E�?� lv d jurxs krprprusklvp1 Pruhryhu/ wkh
frf|foh s lv wulyldo1 Wklv whoov xv wkdw 7? lv wkh vhplgluhfw surgxfw ri �? dqg kE�2�l1

Ohw � dqg C eh jurxsv dqg vxssrvh wkhuh lv d jurxs krprprusklvp / G C $ ��|E��1
Wkhuh duh wzr qdwxudo txhvwlrqv1 Iluvw/ zkhq lv wkhuh d jurxs h{whqvlrq ri � e| C lqgxflqj
wkh pds /B Vhfrqg/ li wkhuh lv dq h{whqvlrq ri � e| C lqgxflqj // fdq zh fodvvli| h{whqvlrqv
ri� e|C zlwk d pruh xqghuvwdqgdeoh remhfw wkdq wkh vhw ri htxlydohqfh fodvvhv ri jhqhudol}hg
frf|fohvB

Wr dqvzhu wkh �uvw txhvwlrq/ zh fkrrvh/ iru hdfk } 5 C/ d oliw 1} 5 ��|E�� ri /}1 Lq rwkhu
zrugv/ wkh frvhw ri 1} lq ��|E�� ' ��|E��* W?|E�� lv htxdo wr /}1 Qrwh wkdw zh pd| fkrrvh
1} ' �_ zkhq } ' �1 Wkhq 1}1�1

3�
}� 5 W?|E�� vlqfh lw lv d oliw ri /}/�/

3�
}� ' � 5 ��|E��1 Zh

fkrrvh dq hohphqw sE}c �� 5 � zlwk 1}1�1
3�
}� ' W?|EsE}c ���> zh pd| fkrrvh sE}c �� ' � li

} ' � ru � ' � vlqfh lq hlwkhu fdvh 1}1�1
3�
}� ' �_1 Li E/c s� lv d jhqhudol}hg frf|foh/ wkhq zh

pd| surgxfh dq h{whqvlrq . ri � e| C dv iroorzv1 Zh vhw . ' ��C dv vhwv/ dqg gh�qh dq
rshudwlrq rq . e|

E@c }�EKc �� ' E@/}EK�sE}c ��c }���

Dq hohphqwdu| fdofxodwlrq vkrzv wkdw . lv lqghhg d jurxs1 Ixuwkhupruh/ wkh pdsv @ :$ E@c ��

dqg E@c }� :$ } duh jurxs krprprusklvpv/ dqg � $ � $ . $ C $ � lv dq h{whqvlrq ri �
e| C> zh qhhg wr fkrrvh 1� ' �_ dqg sE}c �� ' � li } ' � ru � ' � lq rughu wr vkrz wkdw wkh
pds � $ . lv d jurxs krprprusklvp1 Krzhyhu/ s pd| qrw vdwlvi| wkh jhqhudol}hg frf|foh
frqglwlrq1 Zkdw zh fdq vd| lv wklv=

W?|EsE}c ��sE}�c &�� ' 1}1�1
3�
}� 1}�1&1

3�
}�& ' 1}1�1&1

3�
}�&�
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Dovr/

W?|E/}EsE�c &��sE}c �&�� ' 1}E1�1&1
3�
�& 1

3�
} �1}1�&1

3�
}�&

' 1}1�1&1
3�
}�&�

Wkhuhiruh/ sE}c ��sE}�c &� dqg /}EsE�c &��sE}c �&� frqmxjdwh � lq wkh vdph pdqqhu1 Vlqfh
W?|E@� ' W?|EK� li dqg rqo| li @ � K4L_~E��/ zkhuh ~E�� lv wkh fhqwhu ri wkh jurxs �/ zh
vhh wkdw wkhuh lv dq hohphqw SE}c �c &� 5 ~E�� vdwlvi|lqj

sE}c ��sE}�c &� ' SE}c �c &�/}EsE�c &��sE}c �&��

Dphvv| fdofxodwlrq vkrzv wkdw S lv d 60frf|foh> lw wkhq uhsuhvhqwv dq hohphqw riM�ECc~E���1
Ixuwkhupruh/ gl�huhqw fkrlfhv ri wkh 1} dqg sE}c �� fruuhvsrqg wr fkdqjlqj S wr dq htxly0
dohqw frf|foh lq M�ECc~E���1 Wkhuhiruh/ wkh frf|foh fodvv ri S lv xqltxho| ghwhuplqhg lq
M�ECc~E���1

Sursrvlwlrq 61 Ohw S eh wkh 60frf|foh gh�qhg deryh1 Wkhq wkhuh lv d jurxs h{whqvlrq ri �
e| C lqgxflqj wkh pds / G C $ ��|E�� li dqg rqo| li S ' f lq M�ECc~E���1

Surri1 Li S lv d 60frerxqgdu|/ wkhq wkhuh duh hohphqwv @}c� 5 ~E�� zlwk

SE}c �c &� ' }E@�c&�@
3�
}�c&@}c�&@

3�
}c��

Zh pd| wkhq uhsodfh sE}c �� e| s �E}c �� ' sE}c ��@3�
}c�> vlqfh @}c� lv fhqwudo/ W?|Es �E}c ��� '

W?|EsE}c ���1 Zlwk wklv fkdqjh/ rqh fdq fdofxodwh wkdw wkh uhvxowlqj sdlu E/c s �� lv d jhqhudol}hg
frf|foh/ dqg vr zh fdq xvh lw wr surgxfh d jurxs h{whqvlrq ri � e| C wkdw lqgxfhv wkh pds
/ G C $ ��|E��1 Frqyhuvho|/ li zh kdyh d jurxs h{whqvlrq ri � e| C wkdw lqgxfhv E/c s�/
wkhq wklv sdlu lv d jhqhudol}hg frf|foh/ vr zh pd| fkrrvh SE}c �c &� ' � iru doo wulsohv E}c �c &�1
Wkxv/ S ' f lq M�ECc~E���1

E| wkh suhylrxv sursrvlwlrq/ jlyhq / G C $ ��|E��/ zh kdyh dq �revwuxfwlrq� lq
M�ECc~E��� zkrvh wulyldolw| ghwhuplqhv zkhq wkhuh lv d jurxs h{whqvlrq ri � e| C lq0
gxflqj /1 Zh qh{w dvvxph wkdw wkhuh lv d jurxs h{whqvlrq ri � e| C lqgxflqj d jlyhq
krprprusklvp / G C $ ��|E��/ dqg zh vkrz wkdw M2ECc~E��� fodvvl�hv doo vxfk h{whq0
vlrqv1

Sursrvlwlrq 71 Ohw / G C $ ��|E�� eh d krprprusklvp1 Li wkhuh lv d jurxs h{whqvlrq ri
� e| C/ wkhq M2ECc~E��� fodvvl�hv wkh jurxs h{whqvlrqv ri � e| C wkdw lqgxfh /1

Surri1 Wkh htxlydohqfh fodvvhv ri jurxs h{whqvlrqv ri � e| C wkdw lqgxfh wkh pds / duh wkh
jhqhudol}hg frf|fohv ri wkh irup E/c s�> zh duh xvlqj / iru erwk wkh pds C $ ��|E�� dqg
iru d oliw / G C $ ��|E��1 Vlqfh zh duh dvvxplqj wkhuh lv dq h{whqvlrq ri � e| C/ wkhuh lv
d jhqhudol}hg frf|foh E/c sf� fruuhvsrqglqj wr lw1 Zh gh�qh d pds iurp M2ECc~E��� wr wkh
vhw ri htxlydohqfh fodvvhv ri jhqhudol}hg frf|fohv e| S :$ E/c Ssf�1 Dq hohphqwdu| fdofxodwlrq
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vkrzv wkdw wklv sdlu lv lqghhg d jhqhudol}hg frf|foh1 Lw lv dovr qrw kdug wr vkrz wkdw wklv lv
zhoo gh�qhg> li S dqg S� duh frf|fohv uhsuhvhqwlqj wkh vdph fodvv lq M2ECc~E���/ wkhq E/c Ssf�

dqg E/c S�sf� duh htxlydohqw1 Wr vkrz vxumhfwlylw|/ ohw E/c s� eh d jhqhudol}hg frf|foh1 Wkhq

W?|EsE}c �� ' /}/�/
3�
}� ' W?|EsfE}c ���

iru dq| sdlu E}c ��1 Vr/ vlqfh wkh hohphqwv sE}c �� dqg sfE}c �� lqgxfh wkh vdph lqqhu dxwr0
prusklvp rq �/ wkhuh lv dq hohphqw SE}c �� 5 ~E�� zlwk sE}c �� ' SE}c ��sfE}c ��1 Xvlqj wkdw
erwk s dqg sf vdwlvi| wkh jhqhudol}hg frf|foh frqglwlrq/ dqg wkdw SE}c �� 5 ~E��/ zh vhh wkdw
S lv d 50frf|foh1 Wklv suryhv wkdw E/c s� lv htxlydohqw wr E/c Ssf�1 Iru lqmhfwlylw|/ vxssrvh
wkdw E/c Ssf� dqg E/c S�sf� duh htxlydohqw1 Wkhq wkhuh duh @} 5 � zlwk

/} ' W?|E@}�/}c

SE}c ��sfE}c �� ' @}/}E@��S
�E}c ��sfE}c ��@

3�
}� �

Wkh �uvw htxdwlrq vd|v wkdw W?|E@}� ' �_> wklv irufhv @} 5 ~E��1 Wkh vhfrqg htxdwlrq wkhq
fdq eh zulwwhq dv

SE}c �� ' @}}E@��@
3�
}� S

�E}c ��c

zklfk vkrzv wkdw S dqg S� duh htxdo lq M2ECc~E���1 Wklv �qlvkhv wkh surri1

H{dpsoh 81 Ohw � eh d jurxs zlwk ~E�� ' �1 Wkhq W?|E�� �' �1 Yld wklv lghqwl�fdwlrq/
zh kdyh d jurxs h{whqvlrq � $ � $ ��|E�� $ ��|E�� $ �1 Li zh vhw C ' ��|E��/ wkhq
wkh krprprusklvp / G C $ ��|E�� lqgxfhg e| wklv h{whqvlrq lv wkh lghqwlw| pds1 Vlqfh
M?ECc~E��� ' f iru doo ? e| wkh dvvxpswlrq wkdw ~E�� ' �/ e| wkh wzr sursrvlwlrqv/ zh
vhh wkdw wklv h{whqvlrq lv wkh xqltxh h{whqvlrq ri � e| C wkdw lqgxfhv wkh pds /1

H{dpsoh 91 Ohw . ' ��|E7S�1 Lw lv nqrzq/ dqg d idluo| hdv| fdofxodwlrq wr suryh/ wkdw
~E7S� ' �/ vr W?|E7S� �' 7S1 Ixuwkhupruh/ e| ylhzlqj 7S � ��|E7S�/ wkh dowhuqdwlqj jurxs
�S lv dfwxdoo| qrupdo lq .1 Vr/ zh kdyh d jurxs h{whqvlrq � $ �S $ ��|E7S� $ C $ �

iru vrph C1 Zh kdyh ~E�S� ' � vlqfh wkh fhqwhu lv d qrupdo vxejurxs ri d jurxs dqg �S lv
vlpsoh1 Vr/ wklv h{whqvlrq lv wkh xqltxh/ xs wr htxlydohqfh/ h{whqvlrq ri � e| C +lqgxflqj
wkh vdph pds C $ ��|E�S� dv wkh jlyhq h{whqvlrq,1 Krzhyhu/ lw lv dovr nqrzq +vhh ^4/ Fru1
61<`, wkdw wklv h{whqvlrq lv qrw vsolw1 Wkhuhiruh/ hyhq zkhq wkhuh lv rqo| rqh h{whqvlrq ri �
e| C/ wkh plggoh jurxs qhhg qrw eh d vhplgluhfw surgxfw ri � dqg C1

Uhihuhqfhv

^4` W1 \1 Odp dqg G1 E1 Ohhs/ Frpelqdwruldo vwuxfwxuh rq wkh dxwrprusklvp jurxs ri 7S/
H{sr1 Pdwk1 44 +4<<6,/ 5;<�63;1

^5` Fkduohv D1 Zhleho/ Dq lqwurgxfwlrq wr krprorjlfdo dojheud/ Fdpeulgjh vwxglhv lq dg0
ydqfhg pdwkhpdwlfv/ yro1 6;/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 4<<71
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