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Lq wklv qrwh zh frqvwuxfw/ iru dq| sur�qlwh jurxs C/ d Jdorlv h{whqvlrq g*8 zlwk
B@*Eg*8 � �' C1 Lq dgglwlrq/ zh jlyh dq h{dpsoh ri d sur�qlwh jurxs C wkdw frqwdlqv
d qrupdo vxejurxs ri �qlwh lqgh{ wkdw lv qrw forvhg +ru rshq,1 Wkh iroorzlqj errnv duh
uhihuhqfhv iru sur�qlwh jurxsv dqg Jdorlv wkhru|= Vkdw} ^6`/ Vhuuh ^5` dqg Prudqgl ^4`1

Zh uhfdoo wkh gh�qlwlrq ri dq lqyhuvh olplw dorqj zlwk vrph surshuwlhv ri sur�qlwh jurxsv
dqg idfwv ri Jdorlv wkhru|1 D gluhfwhg vhw lv d sduwldoo| rughuhg vhw U vxfk wkdw iru dq|
�c � 5 U/ wkhuh lv d & zlwk � � & dqg � � &1 Li U lv d gluhfwhg vhw/ wkhq d froohfwlrq iC�j�MU
ri jurxsv wrjhwkhu zlwk krprprusklvpv s�� G C� $ C� iru hdfk sdlu � � � lv dq lqyhuvh
v|vwhp surylghg wkdw s�� ' �_C�

iru hdfk �/ dqg zkhqhyhu � � � � &/ wkhq )�& ' )�� � )�&1
Ilqdoo|/ wkh lqyhuvh olplw *�4#�C� lv d jurxs C wrjhwkhu zlwk krprprusklvpv s� G C $ C�

zlwk s� ' s�� � s� iru hdfk sdlu � � � wkdw vdwlv�hv wkh iroorzlqj pdsslqj surshuw|= jlyhq d
jurxs � dqg krprprusklvpv j� G � $ C� vxfk wkdw j� ' s�� � j� iru hdfk � � �/ wkhq wkhuh
lv d xqltxh krprprusklvp j G � $ C zlwk j� ' s� � j1 Dq h{solflw frqvwuxfwlrq ri wkh
lqyhuvh olplw lv

C ' ii}&j 5 �&C& G }� ' s��E}�� li � � �j
zlwk wkh pdsv s� wkh frpsrvlwlrq ri wkh lqfoxvlrq pds C $ �&C& zlwk wkh surmhfwlrq pds
�&C& $ C�1 D vlpsoh frqvhtxhqfh ri wkh gh�qlwlrq ri dq lqyhuvh olplw lv wkdw li C ' *�4#�C�/
dqg li s� G C $ C� lv wkh jlyhq pds/ wkhq is�EC�j lv dq lqyhuvh v|vwhp ri jurxsv dqg
C ' *�4#�s�EC�1 Wkhuhiruh/ zh pd| dvvxph wkdw hdfk jurxs lq wkh lqyhuvh v|vwhp iC�j lv d
krprprusklf lpdjh ri C1

D sur�qlwh jurxs lv dq lqyhuvh olplw ri �qlwh jurxsv1 Ohw C ' *�4#�C� eh d sur�qlwh jurxs1
Zh ylhz C dv rewdlqhg e| wkh frqvwuxfwlrq deryh1 Li zh sxw wkh glvfuhwh wrsrorj| rq hdfk
C�/ dqg wkh surgxfw wrsrorj| rq ��C�/ wkhq d vkruw dujxphqw vkrzv wkdw C lv d forvhg
vxevsdfh ri wkh surgxfw> lq sduwlfxodu/ C kdv d wrsrorj|1 Ixuwkhupruh/ C lv frpsdfw dqg
Kdxvgru� dv d wrsrorjlfdo vsdfh1 Pruhryhu/ wkh pxowlsolfdwlrq rq C dqg wkh lqyhuvlrq pds
duh frqwlqxrxv pdsv C � C $ C dqg C $ C1 Wkdw lv/ C lv d wrsrorjlfdo jurxs1 Dv d
frqvhtxhqfh/ li } 5 C/ wkhq wkh ohiw pxowlsolfdwlrq pds % :$ }% lv d krphrprusklvp ri C1
Vlploduo|/ uljkw pxowlsolfdwlrq lv d krphrprusklvp1

Ohw g*8 eh d Jdorlv h{whqvlrq ri �hogv ri duelwudu| ghjuhh/ dqg ohw C ' B@*Eg*8 �1 Li
iu�j lv wkh vhw ri vxe�hogv ri g wkdw duh �qlwh glphqvlrqdo Jdorlv h{whqvlrqv ri 8 / dqg li
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C� ' B@*Eu�*8 �/ wkhq wkh C� irup dq lqyhuvh v|vwhp ri jurxsv +zlwk wkh reylrxv uhvwulfwlrq
ri ixqfwlrqv pdsv, dqg wkdw C ' *�4#�C�(vhh Vhfwlrq 4: ri ^4`1 Wkh jhqhudol}hg ixqgdphqwdo
wkhruhp ri Jdorlv wkhru| vwdwhv wkdw wkhuh lv d 4�4 lqfoxvlrq uhyhuvlqj fruuhvsrqghqfh ehwzhhq
lqwhuphgldwh �hogv ri g*8 dqg forvhg vxejurxsv ri B@*Eg*8 �1 Ixuwkhupruh/ li M #$ u>
wkdw lv/ M ' B@*Eg*u� dqg u lv wkh �{hg �hog ri M/ wkhq du G 8 o ' dC G Mo/ dqg u*8 lv
Jdorlv li dqg rqo| li M lv qrupdo lq C1 Ixuwkhupruh/ zkhq wklv kdsshqv/ B@*Eu*8 � �' C*M1
Rqh lpsruwdqw idfw xvhg wr suryh wkh ixqgdphqwdo wkhruhp lv wkh iroorzlqj ghvfulswlrq ri
wkh forvxuh ri d vxejurxs= li M lv d vxejurxs ri C/ dqg li M lv wkh forvxuh ri M/ wkhq
M ' B@*Eg*u� li u lv wkh �{hg �hog ri M1 Wklv fdq eh irxqg lq ^4/ Wkp1 4:1:`1

Wkh iroorzlqj ohppd zloo dlg xv lq frqvwuxfwlqj d Jdorlv h{whqvlrq zkrvh Jdorlv jurxs
lv d jlyhq sur�qlwh jurxs1

Ohppd 41 Ohw iu�j�MU eh d gluhfwhg v|vwhp ri �qlwh Jdorlv h{whqvlrqv ri d �hog 8 1 Li g lv
wkh frpsrvlwh ri wkh u�/ wkhq B@*Eg*8 � ' *�4#�B@*Eu�*8 �1

Surri1 Zh pd| dvvxph wkdw wkh pdsv ri wkh gluhfwhg v|vwhp iu�j duh lqfoxvlrqv1 Wkhq
g lv lq idfw wkh xqlrq ri wkh u�1 Zh �uvw qrwh wkdw iB@*Eu�*8 �j�MU lv dq lqyhuvh v|vwhp
ri jurxsv/ zkhuh wkh pdsv duh gh�qhg dv iroorzv= li � � �/ wkhq u� � u�/ dqg wkh pds
s�� G B@*Eu�*8 � $ B@*Eu�*8 � lv jlyhq e| j :$ jmu�

1 Lw lv wkhq wulyldo wr fkhfn wkdw wklv vhw
ri jurxsv lv dq lqyhuvh v|vwhp1 Wr suryh wkdw C G' B@*Eg*8 � lv wkh lqyhuvh olplw ri wklv
v|vwhp/ zh �uvw qrwh wkdw wkhuh lv d pds s� G C $ B@*Eu�*8 � jlyhq e| s�Ej� ' jmu�

1 Wr yhuli|
wkh fodlp/ ohw � eh d jurxs/ dqg/ iru hdfk �/ ohw )� G � $ B@*Eu�*8 � eh d krprprusklvp
vxfk wkdw )� ' )� � s�� iru hdfk sdlu � � �1 Wkhq gh�qh ) G � $ C dv iroorzv1 Li @ 5 �/ ohw
)E@� G g $ g eh wkh dxwrprusklvp zkrvh uhvwulfwlrq wr u� lv )�E@�1 Wklv lv zhoo gh�qhg
vlqfh wkh �hog g lv wkh xqlrq ri wkh u�1 Wkh pds ) lv fohduo| wkh xqltxh krprprusklvp
vdwlvi|lqj s� � ) ' )�1 Wklv wkhq suryhv wkdw C ' *�4#�B@*Eu�*8 �1

Sursrvlwlrq 51 Ohw C eh d sur�qlwh jurxs1 Wkhq wkhuh lv d Jdorlv h{whqvlrq g*8 zlwk
B@*Eg*8 � �' C1

Surri1 Ohw & eh d �hog/ dqg ohw � ' & Ei%} G } 5 Cj� eh wkh udwlrqdo ixqfwlrq �hog ryhu & lq
yduldeohv i%}j/ rqh yduldeoh iru hdfk hohphqw ri C1 Wkhq C dfwv dv d jurxs ri shupxwdwlrqv
rq wkh yduldeohv yld }E%�� ' %}�1 Wklv dfwlrq h{whqgv wr dq dfwlrq ri C dv d jurxs ri
dxwrprusklvpv ri � 1 Lw lv fohdu wkdw wklv dfwlrq lv idlwkixo/ vlqfh }E%�� ' %� lpsolhv wkdw
%}� ' %�/ vr }� ' �/ dqg wkxv } ' �1 Ohw 8 eh wkh �{hg �hog ri C1 Zh zulwh C ' *�4#�C�

iru dq lqyhuvh v|vwhp ri �qlwh jurxsv iC�j> dv qrwhg hduolhu/ zh pd| dvvxph wkdw hdfk C� lv
d krprprusklf lpdjh ri C1 Vr/ zulwh C� ' C*�� iru vrph qrupdo vxejurxs ri �qlwh lqgh{
��1 Ohw u� eh wkh �{hg �hog ri ��1 Zh �uvw suryh wkdw u�*8 lv d �qlwh Jdorlv h{whqvlrq
zlwk Jdorlv jurxs C�1 Iru hdvh ri qrwdwlrq zh zulwh � ' �� dqg u ' u�1 Ohw @ 5 u1
Wkhq }E@� 5 u iru dq| } 5 C/ vlqfh li ? 5 � / zh kdyh }3�?} 5 � / vr }3�?}E@� ' @/ ru
?}E@� ' }E@�1 Wkxv/ }E@� lv lq wkh �{hg �hog ri � > wkdw lv/ }E@� 5 u1 Qh{w/ zh kdyh d jurxs
krprprusklvp C $ B@*Eu*8 � jlyhq e| } :$ }mu1 Wklv kdv nhuqho � / vr C*� hpehgv lq
B@*Eu*8 �1 Ixuwkhupruh/ wkh �{hg �hog ri C*� lv 8 > li K 5 u lv �{hg e| doo hohphqwv ri
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C*� / wkhq K 5 � lv �{hg e| doo hohphqwv ri C iurp wkh gh�qlwlrq E}��EK� ' }EK�1 Wkxv/
K 5 8 1 Zh qrz txrwh d wkhruhp ri Jdorlv wkhru|= li u lv d �hog dqg li M lv d �qlwh jurxs
ri dxwrprusklvpv ri u zlwk �{hg �hog M/ wkhq u*8 lv Jdorlv dqg M ' B@*Eu*8 �1 Wkxv/ lq
rxu fdvh zh dovr jhw mC*� m ' du G 8 o/ vr u*8 lv d �qlwh Jdorlv h{whqvlrq1 Wkhvh vwdwhphqwv
fdq eh irxqg lq ^4/ Vhf1 5`1 Zh wkxv kdyh d froohfwlrq iu�j ri Jdorlv h{whqvlrqv ri 8 zlwk
B@*Eu�*8 � ' C*��1 Ohw g eh wkh frpsrvlwh ri wkh u�1 Wkhq g*8 lv Jdorlv1 Wkh suhylrxv
ohppd |lhogv B@*Eg*8 � ' *�4#�C*�� ' C/ dv ghvluhg1

Lq wkh uhpdlqghu ri wklv qrwh zh zrun vhyhudo h{huflvhv iurp ^4`/ lqfoxglqj glvsurylqj
rqh ri wkhp1 Qrwdeo|/ zh frqvwuxfw d sur�qlwh jurxs C wkdw frqwdlqv d qrupdo vxejurxs
ri �qlwh lqgh{ wkdw lv qhlwkhu rshq qru forvhg lq wkh lqyhuvh olplw wrsrorj| ri C1 Wklv jlyhv
d frxqwhuh{dpsoh wr Sureohp : lq Dsshqgl{ F ri ^4`1 Wklv h{dpsoh dqvzhuv Sureohp : ri
Vhfwlrq 4:1 Qrwh wkdw wkh sursrvlwlrq deryh lv h{dfwo| Sureohp 4: ri Vhfwlrq 4:1

Frqvlghu wkh iroorzlqj lqyhuvh v|vwhp= fkrrvh d sulph R dqg ohw �? ' �?
�'�]R/ dqg iru

� � �/ ohw )�� G �� $ �� eh wkh pds )��E%�c � � � c %�� ' E%�c � � � c %��1 Zh fodlp wkdw � G' �"�'�]R

lv wkh lqyhuvh olplw ri wklv v|vwhp1 Wr suryh wklv/ zh �uvw gh�qh pdsv )� G � $ �� e|
)�Ei%&j� ' E%�c � � � c %��1 Wkhq lw lv fohdu wkdw )� ' )�� � )� iru doo � � �1 Qh{w/ vxssrvh wkdw
� lv d jurxs dqg s� G � $ �� lv d krprprusklvp zlwk s� ' )�� � s� iru doo � � �1 Zh gh�qh
s G � $ � e| sEK� ' i%&j li s�EK� ' E%�c � � � c %��1 Qrwh wkdw wklv xqltxho| ghwhuplqhv %& iru
doo & 5 Q1 Wklv pds lv fohduo| wkh xqltxh pds vdwlvi|lqj s� ' s � )�1 Wkxv/ � lv lqghhg wkh
lqyhuvh olplw ri wkh i�?j1

Zh qrz surgxfh qrupdo vxejurxsv ri �qlwh lqgh{ lq C wkdw duh qhlwkhu rshq qru forvhg1
Uhfdoo wkdw iru d vxejurxs � ri �qlwh lqgh{/ � lv forvhg li dqg rqo| li � lv rshq1 Ohw
i%kjkMK eh d edvlv iru �1 Iru hdfk k 5 K/ ohw Mk eh wkh vsdq ri doo ri wkh edvlv yhfwruv
h{fhsw %q1 Wkhq d� G Mko ' R/ vr Mk kdv �qlwh lqgh{1 Ixuwkhupruh/ Mk lv qrupdo vlqfh �

lv Deholdq1 Vxssrvh wkdw hdfk Mk lv rshq +dqg forvhg,1 Lw lv fohdu iurp wkh gh�qlwlrq ri
olqhdu frpelqdwlrq wkdw

V
kMKMk ' �1 Frpsdfwqhvv ri � wkhq lpsolhv wkdw d �qlwh xqlrq

Mk�^� � �^Mk? ' �1 Krzhyhu/ wklv lv idovh vlqfh %k�n� � �n%k? lv qrw lq wklv xqlrq1 Wkhuhiruh/
vrph Mk lv qrw rshq1 Wklv yhul�hv rxu fodlp1

Dv d frqvhtxhqfh ri wklv h{dpsoh/ zh vhh wkdw li C lv sur�qlwh/ dqg li eC lv wkh lqyhuvh olplw
ri doo �qlwh lpdjhv ri C/ wkhq wkhuh lv d fdqrqlfdo krprprusklvp s G C $ eC dulvlqj iurp
wkh pdsslqj surshuw| iru eC1 Wklv pds qhhg qrw eh dq lvrprusklvp ri wrsrorjlfdo jurxsv/
vlqfh li � lv qrupdo vxejurxs ri �qlwh lqgh{/ dqg )� G eC $ C*� lv wkh pds dvvrfldwhg wr
C*� / wkhq )� lv frqwlqxrxv1 Li s zdv frqwlqxrxv/ wkhq s3�E)3�� Ef�� ' � zrxog eh forvhg
lq C/ zklfk zh qrz nqrz lv qrw dozd|v wuxh1

Uhihuhqfhv

^4` S1 M1 Prudqgl/ Ilhog dqg Jdorlv Wkhru|/ Judgxdwh Wh{wv lq Pdwkhpdwlfv/ yro1 49:/
Vsulqjhu/ Qhz \run/ 4<<91
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^5` M10S1 Vhuuh/ Frkrprorjlh Jdorlvlhqqh/ �iwk hg1/ Ohfwxuh Qrwhv lq Pdwkhpdwlfv/ yro1 8/
Vsulqjhu0Yhuodj/ Ehuolq dqg Khlghoehuj dqg Qhz \run/ 4<<71

^6` V1 V1 Vkdw}/ Sur�qlwh jurxsv/ dulwkphwlf/ dqg jhrphwu|/ Dqqxdov ri Pdwkhpdwlfv Vwxglhv/
yro1 9:/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ QM/ 4<:51
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