
Fhqwudo Vlpsoh Dojheudv

Sdwulfn M1 Prudqgl

Vhswhpehu 53/ 4<<;

Li 8 lv d �hog/ wkhq d fhqwudo vlpsoh 8 0dojheud lv d �qlwh glphqvlrqdo 8 0dojheud 7 wkdw
lv vlpsoh dv d ulqj/ dqg iru zklfk wkh fhqwhu ~E7� lv htxdo wr 8 1 Lq wklv qrwh zh suryh vrph
ixqgdphqwdo wkhruhpv derxw fhqwudo vlpsoh dojheudv1 Zh dvvxph wkh vwuxfwxuh wkhruhpv iru
vlpsoh Duwlqldq ulqjv1 Iru h{dpsoh/ li 7 lv d fhqwudo vlpsoh 8 0dojheud/ wkhq Zhgghuexuq*v
wkhruhp vd|v wkdw 7 �' �?E(�/ wkh ulqj ri ? � ? pdwulfhv ryhu d glylvlrq ulqj (1 Lw
wkhq iroorzv wkdw ( �' ,?_7ET �/ wkdw _�48 E(� 	 4/ dqg ~E(� ' 8 1 Vr/ ( lv d fhqwudo
vlpsoh 8 0glylvlrq dojheud1 Dowhuqdwlyho|/ zh pd| ylhz 7 �' ,?_(ET �/ zkhuh T lv d uljkw (0
yhfwru vsdfh ri glphqvlrq ?1 Wkh Deholdq jurxs T lv d ohiw 70prgxoh yld wkh pxowlsolfdwlrq
r � � ' rE��1 Pruhryhu/ T lv wkh xqltxh xs wr lvrprusklvp vlpsoh ohiw T 0prgxoh/ dqg hyhu|
ohiw 70prgxoh lv lvrprusklf wr d gluhfw vxp ri +srvvleo| lq�qlwho| pdq|, frslhv ri T 1 Iru
surriv ri wkhvh wkhruhpv/ vhh ^5/ Vhf1 717` ru ^4/ Fkds1 L[`1

Li � dqg � duh 8 0dojheudv/ wkhq zh pd| sxw dq 8 0dojheud vwuxfwxuh rq wkh 8 0yhfwru
vsdfh �
8 �/ lqgxfhg e| wkh irupxod E@
 K�E@�
 K�� ' @@�
 KK�1 E| dq dujxphqw lqyroylqj
wkh xqlyhuvdo pdsslqj surshuw| ri whqvru surgxfwv/ rqh fdq vhh wkdw wklv lv zhoo gh�qhg/
dqg wkdw �
8 � lv dq 8 0dojheud zlwk wklv pxowlsolfdwlrq1 Rqh surshuw| ri whqvru surgxfwv
ri yhfwru vsdfhv wkdw zh zloo xvh ehorz lv wkdw li K�c � � � c K? lv dq 8 0edvlv iru �/ wkhq hyhu|
hohphqw ri �
8 � fdq eh zulwwhq lq wkh irup

S
� @�
K�/ dqg wkh @� duh xqltxho| ghwhuplqhg1

Lq sduwlfxodu/ d frqvhtxhqfh ri wklv idfw lv wkdw li @ 5 � dqg K 5 �/ wkhq @ 
 K ' f lpsolhv
wkdw @ ' f ru K ' f> wklv iroorzv vlqfh K lv sduw ri dq 8 0edvlv ri � li K 9' f1

Wkhruhp 4 Ohw � eh d fhqwudo vlpsoh 8 0dojheud dqg ohw � eh d vlpsoh 8 0dojheud zlwk fhqwhu
~E�� � 8 1 Wkhq �
8 � lv d fhqwudo vlpsoh ~E��0dojheud1

Surri1 Zh �uvw suryh wkdw ~E� 
8 �� ' 8 
8 ~E�� �' ~E��1 Ohw iK�j eh dq 8 0edvlv
iru � zlwk K� ' �1 Wkhq zh pd| zulwh hyhu| hohphqw ri �
8 � lq wkh irup

S
� @� 
 K�/ dqg

wkh @� duh xqltxho| ghwhuplqhg1 Vxssrvh wkdw % '
S

� @� 
 K� 5 ~E�
8 ��1 Iru dq| @ 5 �/
zh kdyh E@ 
 ��% ' %E@ 
 ��1 Wkxv/

S
� @@� 
 K� '

S
@�@ 
 K�1 Wkhuhiruh/ vlqfh wkh K� irup

d edvlv iru �/ zh rewdlq @@� ' @�@ iru hdfk �1 Vlqfh wklv lv wuxh iru hdfk @ 5 �/ zh kdyh
@� 5 ~E�� ' 8 1 Vr/
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Zh vhw K '
S

� @�K�1 Iru dq| S 5 �/ zh wkhq kdyh %E�
S� ' E�
S�%/ ru �
KS ' �
SK1 Vlqfh
�
 EKS� SK� lv wkhq f/ wklv irufhv KS ' SK/ vr K 5 ~E��1 Wkhuhiruh/ % ' �
 K 5 8 
8 ~E��/
dv ghvluhg1

Zh qrz suryh vlpsolflw|1 Vxssrvh wkdw U lv d qrq}hur lghdo ri �
8 �1 Wkhuh lv d qrq}hur
hohphqw % '

S?
�'� @� 
 K� 5 U zlwk ? plqlpdo1 Wkhq @� 9' f1 Vlqfh � lv vlpsoh/ zh kdyh

�@�� ' �/ vr zh pd| zulwh � '
S6

�'� S�@�_� iru vrph S�c _� 5 �1 Vlqfh U lv dq lghdo/ zh
kdyh
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ES� 
 ��% E_� 
 �� 5 U�

Lq rwkhu zrugv/
S

�

��S
� S�@�_�

�

 K�

�
5 U1 Wkhuhiruh/ zh kdyh d qhz hohphqw + ' �
 K� nS?

�'2 @
�

� 
 K� 5 U1 E| wkh plqlpdolw| ri ?/ zh kdyh hdfk @�� 9' f1 Iru @ 5 �/ frqvlghu wkh
hohphqw E@
 ��+� +E@
 �� 5 U1 Wklv lv htxdo wr

S?
�'2E@@

�

� � @��@�
 K�1 Wklv d frqwudglfwlrq
wr wkh plqlpdolw| ri ? xqohvv @@�� ' @��@ iru hdfk �1 Wkxv/ hdfk @�� 5 ~E�� ' 8 1 Wkhq
+ ' � 
SE@��K��1 Krzhyhu/ li K '

S
E@��K��/ wkhq �K� ' � vlqfh � lv vlpsoh1 ZulwlqjS

� e�Ks� ' � zlwk e�c s� 5 �/ zh jhw � '
S

�E� 
 e��%E� 
 s�� 5 U1 Wklv suryhv wkdw
U ' �
8 �1 Wkhuhiruh/ �
8 � lv vlpsoh1

Li - lv d ulqj/ wkhq zh fdq pdnh d qhz ulqj -LT/ wkh rssrvlwh ulqj wr -/ zkhuh E-LTcn� '

E-cn� dv dgglwlyh jurxsv/ dqg pxowlsolfdwlrq lv gh�qhg e| @ � K ' K@1 Wr nhhs frqixvlrq
grzq/ zh zloo zulwh @LT iru @ ylhzhg dv dq hohphqw ri -LT1 Vr/ wkh rshudwlrqv lq -LT duh
jlyhq e| @LT n KLT ' E@ n K�LT dqg @LTKLT ' EK@�LT1

Sursrvlwlrq 5 Ohw 7 eh d fhqwudo vlpsoh 8 0dojheud1 Wkhq 7 
8 7LT �' ,?_8 E7� dv 8 0
dojheudv1

Surri1 Zh gh�qh d pds 7 � 7LT $ ,?_8 E7� e| Erc |LT� :$ )Erc|�/ zkhuh )Erc|�E%� ' r%|1
D vkruw fdofxodwlrq vkrzv wkdw )Erc|� lv dq 8 0olqhdu hqgrprusklvp ri 7/ dqg wkdw wkh pds
Erc |LT� :$ )Erc|� lv 8 0elolqhdu1 Vr/ wklv lqgxfhv dq 8 0olqhdu pds ) G 7 
8 7LT $ ,?_8 E7�

vdwlvi|lqj )Er
 |LT� ' )Erc|LT�1 Wkh pds ) lv d ulqj krprprusklvp vlqfh

) EE@
 KLT�Er
 |LT�� E%� ' )E@r
 E|K�LT�E%�

' @r%|K

' )E@
 KLT�Er%|� ' )E@
 KLT�)Er
 |LT�E%�

iru doo % 5 71 E| Wkhruhp 4/ 7 
8 7LT lv d vlpsoh ulqj/ vr !ih) ' f1 Erwk 7 
8 7LT dqg
,?_8 E7� kdyh 8 0glphqvlrq _�48 E7�

2/ vr lw iroorzv wkdw ) lv dq lvrprusklvp1

Ohppd 6 Ohw � dqg � eh fhqwudo vlpsoh 8 0dojheudv1 Wkhq ��	8�E8 
8 �� ' �
8 8 1

Surri1 Ohw i@�j eh dq 8 0edvlv iru � zlwk @� ' �1 Zh fdq zulwh hyhu| hohphqw ri
�
8 � xqltxho| lq wkh irup

S
� @� 
 K�1 Vxssrvh wkdw

S
� @� 
 K� 5 ��	8�E8 
8 ��1 Wkhq

E
S

� @� 
 K�� E�
K� ' E�
K� ES� @� 
 K�� iru doo K 5 �1 Wkxv/
S

� @�
K�K '
S

� @�
KK�1 E| wkh
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xqltxhqhvv ri wkh uhsuhvhqwdwlrq/ zh vhh wkdw K�K ' KK�/ vr hdfk K� 5 ~E�� ' 8 1 Wkhuhiruh/S
� @� 
 K� 5 �
8 8 1 Wkh uhyhuvh lqfoxvlrq lv fohdu/ vr ��	8�E8 
8 �� ' �
8 8 1

Wkhruhp 7 +Qrhwkhu0Vnrohp, Ohw 7 eh d fhqwudo vlpsoh 8 0dojheud1 Li � lv d vlpsoh 8 0
vxedojheud ri 7 zlwk dq 8 0dojheud krprprusklvp ) G � $ 7/ wkhq wkhuh lv dq % 5 7W vxfk
wkdw )E@� ' %@%3�1

Surri1 Zh �uvw frqvlghu wkh fdvh 7 ' ,?_8 ET � �' �?E8 �/ zkhuh ? ' _�48 ET �1 Zh fdq
pdnh T lqwr d �0prgxoh lq wzr zd|v1 Iluvw/ T lv d �0prgxoh e| yluwxh ri wkh idfw wkdw � lv
d vxedojheud ri 71 Qh{w/ zh fdq pdnh T lqwr d �0prgxoh yld ) e| gh�qlqj K � � ' )EK�E��1
Zh uhihu wr T zlwk wklv �0prgxoh vwuxfwxuh dv T)1 Qrwh wkdw wkh 8 0yhfwru vsdfh vwuxfwxuh lv
wkh vdph iru T dqg T)1 Qrz/ ohw� eh wkh xqltxh +xs wr lvrprusklvp, vlpsoh �0prgxoh> �
h{lvwv vlqfh � lv vlpsoh1 Wkhq erwk T dqg T) duh gluhfw vxpv ri frslhv ri � 1 Vd| T �' � o

dqg T) �' � r1 Wkhq

o _�48 E�� ' _�48 ET � ' _�48 ET)� ' r _�48 E��c

vr o ' r1 Wklv vkrzv wkdw T dqg T) duh lvrprusklf dv �0prgxohv1 Ohw % G T $ T) eh d
�0prgxoh lvrprusklvp1 Qrwh wkdw % 5 7W vlqfh % lv dq 8 0yhfwru vsdfh lvrprusklvp1 Zh
kdyh/ iru doo � 5 T dqg K 5 �/ wkdw

%EK�� ' K � %� ' )EK�%��

Vr/ dv olqhdu wudqvirupdwlrqv/ %K ' )EK�%/ ru )EK� ' %K%3�/ dv ghvluhg1
Iru wkh jhqhudo fdvh/ frqvlghu wkh pds ) 
 �_ G � 
8 7LT $ 7 
8 7LT1 Zh nqrz wkdw

7 
8 7LT �' �6E8 � iru vrph 6 e| Sursrvlwlrq 51 Wkhuhiruh/ e| wkh suhylrxv fdvh/ wkhuh lv
dq % 5 7 
8 7LT vxfk wkdw

E)
 �_� EK
 rLT� ' +EK
 rLT�+3��

E| vhwwlqj K ' �/ zh vhh wkdw + frppxwhv zlwk 8 
8 7LT1 E| wkh ohppd/ wkh fhqwudol}hu ri
8 
8 7LT lv 7 
8 8 1 Vr/ zh fdq zulwh + ' %
 � iru vrph % 5 7W1 Zh wkhq vhh/ e| vhwwlqj
r ' �/ wkdw %K%3� ' )EK�1

Ohw 7 eh d fhqwudo vlpsoh 8 0dojheud1 Li� lv dq 8 0vxedojheud ri 7/ zh gh�qh wkh fhqwudol}hu
�7E�� wr eh wkh vhw �7E�� ' ir 5 7 G rK ' Kr iru doo K 5 �j1 Lw lv hdv| wr vhh wkdw �7E�� lv
dq 8 0vxedojheud ri 71 Pruhryhu/ � � �7E�� li dqg rqo| li � lv frppxwdwlyh1

Ohppd 8 Ohw 7 eh dq 8 0dojheud/ dqg ohw � eh dq 8 0vxedojheud ri 71 Zh fdq ylhz 7 dv d
ohiw 7 
8 �LT0prgxoh yld E@ 
 KLT�S ' @SK1 Wkhq wkh ohiw uhjxodu uhsuhvhqwdwlrq lqgxfhv dq
lvrprusklvp �7E��$ ,?_7	8�LTE7�1

Surri1 Uhfdoo wkdw 7 lv d ohiw 7
8 7
LT0prgxoh/ dqg vr 7 lv dovr d ohiw 7
8 �

LT0prgxoh1
Zh frqvlghu/ iru S 5 7/ wkh ohiw pxowlsolfdwlrq pds uS G 7 $ 71 Vxssrvh wkdw S 5 ��E7�1
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Wkhq iru K 5 � dqg @c % 5 7/ zh kdyh

uSEEK
 @LT�%� ' uSEK%@� ' SK%@ ' KS%@

' EK
 @LT�uSE@��

Wkhuhiruh/ uS lv d � 
8 7LT0prgxoh krprprusklvp1 Wkhuh lv wkhq d zhoo gh�qhg pds
u G �7E�� $ ,?_7	8�LTE7�/ jlyhq e| uES� ' uS1 Lw lv fohdu wkdw wklv lv dq 8 0dojheud
krprprusklvp1 Lw lv dovr lqmhfwlyh/ vlqfh li uS ' f/ wkhq f ' uSE�� ' S1 Ilqdoo|/ wr vhh wkdw
u lv vxumhfwlyh/ vxssrvh wkdw ) 5 ,?_7	8�LTE7�/ dqg vhw )E�� ' S1 Iru dq| K 5 �/ zh kdyh
K ' EK
 �LT� � ' E�
 KLT� �/ vr

)EK� ' )EEK
 �LT� �� ' EK
 �LT�)E�� ' KS

dqg

)EK� ' )EE�
 KLT� �� ' E�
 KLT�)E�� ' SK�

Wkhuhiruh/ S 5 �7E��1 Wkxv/ �7E�� �' ,?_7	8�LTE7�1

Wkhruhp 9 +Grxeoh Fhqwudol}hu, Ohw 7 eh d fhqwudo vlpsoh 8 0dojheud dqg ohw � eh d
vlpsoh 8 0vxedojheud ri 71 Wkhq

41 �7E�� lv d vlpsoh 8 0dojheud ri 7>

51 _�48 � � _�48 �7E�� ' _�48 7>

61 �7E�7E��� ' �>

71 Li ~E�� ' 8 / wkhq 7 �' � 
8 �7E��1

Surri1 Zh nqrz wkdw 7 
8 �LT lv vlpsoh e| Wkhruhp 41 Ohw � eh wkh xqltxh vlpsoh
ohiw 7 
8 �LT0prgxoh1 Ohw ( ' ,?_7	8�LTE��/ d glylvlrq dojheud1 Wkhq 7 
8 �LT �'
�?E(�/ zkhuh ? ' _�4(E�� +dqg 7 
8 �LT �' �? dv 7 
8 �LT0prgxohv,1 Vlqfh 7 lv d
ohiw 7 
8 �LT0prgxoh/ zh pd| zulwh 7 �' � o iru vrph o1 E| wkh suhylrxv ohppd/ �7E�� �'
,?_7	8�LTE7� �' �oE(�/ vr�7E�� lv d vlpsoh ulqj1 Wklv suryhv wkh �uvw vwdwhphqw1 Frxqwlqj
glphqvlrqv/ zh kdyh

_�48 E�� _�48 E7� ' ?2 _�48 E(�

dqg

_�48 E�7E��� ' o2 _�48 E(��
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Pruhryhu/ _�48 E7� ' o _�48 E�� ' o?_�48 E(�1 Vxevwlwxwlqj wklv lqwr wkh �uvw htxdwlrq
vkrzv wkdw _�48 E�� ' ?*o1 Vr/

_�48 E�� _�48 E�7E��� ' ?*oEo2 _�48 E(�� ' o? _�48 E(� ' _�48 E7��

Wklv suryhv wkh vhfrqg vwdwhphqw1
Iru wkh wklug vwdwhphqw/ wkh gh�qlwlrq ri fhqwudol}hu vkrzv wkdw � � �7E�7E���1 E| wkh

suhylrxv vwdwhphqw/ zh kdyh

_�48 E7� ' _�48 E�� _�48 E�7E���

dqg

_�48 E7� ' _�48 E�7E��� _�48 E�7E�7E�����

Wkhuhiruh/ _�48 E�� ' _�48 E�7E�7E����/ vr � ' �7E�7E���1 Ilqdoo|/ vxssrvh wkdw ~E�� '

8 1 Frqvlghu wkh pds � 
8 �7E��$ 7 jlyhq e| K
 S :$ KS1 Wklv lv d zhoo gh�qhg 8 0olqhdu
pds/ dqg lw lv d ulqj krprprusklvp vlqfh dq| K 5 � dqg S 5 �7E�� frppxwh1 Pruhryhu/
wklv pds lv lqmhfwlyh vlqfh � 
8 �7E�� lv vlpsoh> wklv iroorzv iurp Wkhruhp 4 dqg wkh
k|srwkhvlv wkdw ~E�� ' 8 1 Ilqdoo|/ glphqvlrq frxqw xvlqj wkh wklug vwdwhphqw vkrzv wkdw
wklv pds lv vxumhfwlyh1 Wkxv/ � 
8 �7E�� �' 71

Uhihuhqfhv

^4` W1 Z1 Kxqjhuirug/ Dojheud/ Judgxdwh Wh{wv lq Pdwkhpdwlfv/ yro1 :6/ Vsulqjhu0Yhuodj/
Qhz \run/ 4<:71

^5` Q1 Mdfrevrq/ Edvlf dojheud LL/ Z1 K1 Iuhhpdq/ Qhz \run/ 4<;31
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