
Glylvlrq Dojheudv ryhu Orfdo Ilhogv

Sdwulfn M1 Prudqgl

Idoo 4<<:

Ohw 8 eh d orfdo �hog> wkdw lv/ 8 lv frpsohwh zlwk uhvshfw wr d glvfuhwh ydoxdwlrq zlwk

�qlwh uhvlgxh �hog1 Lq wklv qrwh zh ghvfuleh doo ri wkh 8 0fhqwudo glylvlrq dojheudv/ dqg lq

grlqj vr zh ghvfuleh wkh Eudxhu jurxs �hE8 �1 Rxu dssurdfk lv sxuho| ydoxdwlrq wkhruhwlf dqg

lv prvwo| hohphqwdu|1 Lq sduwlfxodu/ zh gr qrw xvh wkh frpsohwhqhvv dvvxpswlrq h{fhsw wr

kdyh Khqvho*v ohppd/ h{fhsw lq surylqj wkh �qdo uhvxow ri wkh qrwh1 Zh uhfdoo wkh vwdwhphqw

ri Khqvho*v ohppd= li T lv d ydoxdwlrq ulqj ri 8 / wkhq T vdwlv�hv Khqvho*v ohppd li iru dq|

prqlf sE%� 5 T d%o/ li sE%� idfwruv lq 8 d%o dv sE%� ' }E%��E%� iru vrph }c � 5 8 d%o zlwk

}U_E}c �� ' �/ wkhq wkhuh duh }c � 5 T d%o zlwk s ' }� dqg }E%� ' }E%� dqg �E%� ' �E%�1

Li 8 lv frpsohwh zlwk uhvshfw wr d glvfuhwh ydoxdwlrq zkrvh ydoxdwlrq ulqj lv T / wkhq lw lv

nqrzq wkdw T vdwlv�hv Khqvho*v ohppd +vhh ^4/ 491:`,1 Qrwh wkdw dv d frqvhtxhqfh ri Khqvho*v

ohppd/ li T lv Khqvholdq dqg s 5 T d%o lv prqlf vxfk wkdw s kdv d vlpsoh urrw lq 8 / wkhq s

kdv d +vlpsoh, urrw lq T 1

Zh uhfdoo wzr idfwv derxw glylvlrq dojheudv ryhu Khqvholdq ydoxhg �hogv= +4, Li ( lv 8 0

fhqwudo/ wkhq ( kdv d ydoxdwlrq h{whqglqj wkh +Khqvholdq, ydoxdwlrq rq 8 / dqg +5, li O lv d

vxe�hog ri ( wkdw lv d vhsdudeoh h{whqvlrq ri 8 / wkhq wkhuh lv d xqltxh xs wr lvrprusklvp

vxe�hog u ri ( zlwk u*8 lqhuwldo dqg u ' O1 Wkh �uvw idfw lv vwdqgdug> d surri ri d

jhqhudol}dwlrq fdq eh irxqg lq ^7`1 Zh jlyh khuh d surri ri wkh h{lvwhqfh ri vxfk lqhuwldo oliwv1

Uhfdoo wkdw u*8 lv lqhuwldo li u*8 lv vhsdudeoh dqg du G 8 o ' du G 8 o1

Ohppd 4 Ohw (*8 eh dv deryh/ dqg ohw O � ( eh d vhsdudeoh h{whqvlrq ri 8 1 Wkhq wkhuh

lv d xqltxh xs wr lvrprusklvp lqhuwldo h{whqvlrq u � ( ri 8 zlwk u ' O1
Surri1 Vlqfh O*8 lv vhsdudeoh/ zh pd| zulwh O ' 8 Ek� iru vrph k1 Ohw RE%� ' 4�?E8 ck�

eh wkh plqlpdo sro|qrpldo ri k ryhu 8 1 Wkhq R kdv qr uhshdwhg urrwv1 Zh kdyh wkh

idfwrul}dwlrq RE%� ' E%� k�^E%� lq Od%o zlwk }U_E%� kc ^E%�� ' � e| wkh vhsdudelolw| ri R1

Ohw @ 5 ( eh dq| hohphqw zlwk @ ' k/ dqg vhw g ' 8 E@�1 Wkhq g lv Khqvholdq zlwk lwv

xqltxh h{whqvlrq ri �/ dqg g frqwdlqv 8 Ek� ' O1 E| Khqvho*v ohppd/ li R�E%� 5 8 d%o � gd%o
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vdwlv�hv R� ' R/ wkhuh lv d urrw K 5 g ri R� zlwk K ' k1 Ohw u ' 8 EK� � g � (1 Wkhq

du G 8 o � _i}ER�� ' _i}ER� ' dO G 8 o

dqg k ' K 5 u1 Wkxv/ O � u1 Iurp wkh ixqgdphqwdo lqhtxdolw|/ wklv irufhv O ' u dqg

du G 8 o ' du G 8 o1 Wkhuhiruh/ u*8 lv dq lqhuwldo h{whqvlrq zlwk uhvlgxh �hog O1
Wr suryh wkh xqltxhqhvv ri u/ ohw u�dqg u2 eh wzr lqhuwldo h{whqvlrqv ri 8 zlwk u� '

u2 ' O1 Dsso|lqj Khqvho*v ohppd wr erwk u� dqg u2/ li R�E%� 5 8 d%o vdwlv�hv R�E%� ' RE%�/

wkhuh duh urrwv K� 5 u� ri R� zlwk K� ' k1 Vr/ e| wkh glphqvlrq frxqw dujxphqw ri wkh

sdudjudsk deryh/zh jhw u� ' 8 EK��1 Pruhryhu/ wkdw dujxphqw irufhv R� wr eh luuhgxfleoh ryhu

8 1 Wkxv/ u�
�' 8 d%o*ER�� �' u2/ vr u� dqg u2 duh 8 0lvrprusklf1

Li O*8 lv d vhsdudeoh h{whqvlrq/ zh fdoo dq lqhuwldo h{whqvlrq u*8 zlwk u ' O wkh lqhuwldo

oliw ri O1 Zh zloo ghvfuleh glylvlrq dojheudv ryhu 8 e| pdnlqj khdy| xvh ri lqhuwldo h{whqvlrqv1

Iru wklv uhdvrq zh suryh wkh iroorzlqj idfw iurp frppxwdwlyh ydoxdwlrq wkhru|1

Ohppd 5 Ohw u*8 eh dq lqhuwldo h{whqvlrq1 Wkhq u*8 lv Jdorlv l� u*8 lv Jdorlv1 Zkhq

wklv rffxuv/ wkh pds j :$ j lv d jurxs lvrprusklvp B@*Eu*8 � �' B@*Eu*8 �/ zkhuh j lv

gh�qhg e| jE�� ' jE��1

Surri1 Vxssrvh wkdw u*8 lv Jdorlv1 Zh pd| zulwh u ' 8 Ek� iru vrph k1 Vhw RE%� '

4�?E8c k�/ dqg ohw R�E%� 5 8 d%o eh dq| oliw ri R1 E| Khqvho*v ohppd wkhuh lv d urrw @ 5 u ri

R� zlwk @ ' k1 Vlqfh 8 E@� � 8 Ek� ' u/ wkh ixqgdphqwdo lqhtxdolw| irufhv 8 E@� ' u vlqfh

u*8 lv lqhuwldo1 Pruhryhu/ vlqfh R vsolwv ryhu u vlqfh u*8 lv Jdorlv/ Khqvho*v ohppd vkrzv

wkdw R� vsolwv ryhu u1 Wkxv/ u lv wkh vsolwwlqj �hog ri R� ryhu u/ vr u*8 lv Jdorlv1 Frqyhuvho|/

vxssrvh wkdw u*8 lv Jdorlv1 Li u ' 8 Ek� iru vrph k/ ohw R ' 4�?E8c k�1 Dujxlqj dv deryh/

li R� lv d oliw ri R/ wkhq R� kdv d urrw @ 5 u zlwk @ ' k/ dqg e| wkh ixqgdphqwdo lqhtxdolw|/zh

jhw u ' 8 E@�1 Wkxv/ ghjuhh frxqw vkrzv wkdw R� lv luuhgxfleoh ryhu 8 / vr R� vsolwv ryhu u

vlqfh u*8 lv Jdorlv1 Hyhu| urrw ri R� lv ri wkh irup jE@� iru vrph j 5 B@*Eu*8 � vlqfh u*8

lv Jdorlv1 Vlqfh � � j ' �/ dv erwk duh ydoxdwlrqv h{whqglqj wkh Khqvholdq ydoxdwlrq �m8 / zh
jhw �EjE@�� ' f/ dqg frqvhtxhqwo| zh vhh wkdw R vsolwv ryhu u vlqfh

R ' R� '
\

E%� jE@�� '
\�

%� jE@�
�
�

Wkxv/ u*8 lv Jdorlv1

Qrz dvvxph wkdw u*8 lv Jdorlv1 Li j 5 B@*Eu*8 �/ wkhq j gh�qhg dv lq wkh vwdwhphqw ri

wkh ohppd lv zhoo gh�qhg dqg lv dq dxwrprusklvp ri u*8 > wklv xvhv � � j ' �1 Vr/ zh jhw d

pds ) G B@*Eu*8 � $ B@*Eu*8 � jlyhq e| )Ej� ' j/ dqg lw lv hdv| wr vhh wkdw ) lv d jurxs

krprprusklvp1 Vlqfh wkhvh jurxsv duh wkh vdph vl}h/ wr vkrz wkdw ) lv dq lvrprusklvp/ lw

vx!fhv wr suryh wkdw ) lv vxumhfwlyh1 Wdnh � 5 B@*Eu*8 �1 Zulwlqj u ' 8 Ek� dqg u ' 8 E@�
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zlwk R ' 4�?E8 ck� dqg R� ' 4�?E8c @�/ vxfk wkdw R� ' R dv deryh/ zh kdyh wkdw � Ek� lv d

urrw ri R/ vr e| Khqvho*v ohppd/ wkhuh lv d K 5 u zlwk R�EK� ' f dqg K ' �Ek�1 Vlqfh u*8

lv Jdorlv/ wkhuh lv d j 5 B@*Eu*8 � zlwk jE@� ' K1 Wkhq jEk� ' jE@� ' K ' �Ek�1 Vlqfh

u ' 8 Ek�/ wklv suryhv wkdw j ' � 1 Khqfh/ ) lv vxumhfwlyh1 Wklv �qlvkhv wkh surri wkdw ) lv

dq lvrprusklvp1

Zh zloo xvh wkh iroorzlqj qrwdwlrq lq wklv qrwh= 8 lv d orfdo �hog zlwk ydoxdwlrq � dqg (

lv dq 8 0fhqwudo glylvlrq dojheud1 Zh dovr ghqrwh e| � wkh +xqltxh, h{whqvlrq wr ( dqg wr

dq| �qlwh h{whqvlrq ri 8 1 Ohw ` dqg T eh wkh ydoxdwlrq ulqjv ri ( dqg 8 / uhvshfwlyho|1 Zh

ghqrwh wkh ydoxh jurxsv ri ( dqg 8 e| K( dqg K8 / dqg wkh uhvlgxh ulqjv ri ( dqg 8 e| (

dqg 8 / uhvshfwlyho|1 Zh vhw ^ '
��8 ��/ wkh rughu ri wkh �qlwh �hog 8 1 Wkh udpl�fdwlrq lqgh{

ri (*8 lv e ' dK( G K8 o dqg wkh uhvlgxh ghjuhh ri (*8 lv s ' d( G 8 o1

Sursrvlwlrq 6 Wkh ydoxdwlrq ulqj ` lv d iuhh T 0prgxoh1 Wkhuhiruh/ (*8 lv ghihfwohvv1

Surri1 Ohw e dqg s eh wkh udpl�fdwlrq lqgh{ dqg uhvlgxh ghjuhh ri (*8 1 Li " lv wkh

lqlwldo lqgh{ ri (*8 > wkdw lv/ " lv wkh qxpehu ri qrqqhjdwlyh hohphqwv ri K( wkdw duh vpdoohu

wkdq doo srvlwlyh hohphqwv ri K8 / wkhq lw lv nqrzq wkdw` lv d iuhh T 0prgxoh l� "s ' d( G 8 o1

Vlqfh K( �' ]/ lw lv hdv| wr vhh wkdw " ' e/ vr rqfh zh suryh wkdw ` lv d iuhh T 0prgxoh/ lw

zloo iroorz wkdw es ' d( G 8 o/ vr d( G 8 o lv ghihfwohvv1

Ohw %�c � � � c %? eh hohphqwv ri ` wkdw irup dq 8 0edvlv ri (1 Zh pd| fkrrvh wkh %� 5`

vlqfh `8 ' (1 Frqvlghu wkh elolqhdu irup KE%c +� ' Ah_E%+�1 Wklv lv d qrqghjhqhudwh irup

vlqfhAh_ lv d qrq}hur pds1 Wkhuhiruh/ wkhuh lv d gxdo edvlv +�c � � � c +? vxfk wkdw KE%�c +�� ' B��/

wkh Nurqhfnhu ghowd1 Zh fodlp wkdw ` � S
T +�1 Wr suryh wklv/ wdnh @ 5 ` / dqg zulwh

@ '
S

k�+� zlwk k� 5 8 1 Vlqfh %� 5 ` / zh kdyh %�@ '
S

k�%�+� 5 ` 1 Wkhuhiruh/ wdnlqj

wudfhv/ zh jhw k� ' Ah_E%�@� 5 T vlqfh `*T lv lqwhjudo1 Wklv suryhv wkdw ` � S
T +�1

Qrz/ T lv d Qrhwkhuldq ulqj/ vr ` lv d Qrhwkhuldq T 0prgxoh1 Wkhuhiruh/ ` lv d �qlwho|

jhqhudwhg T 0prgxoh/ dqg ` lv wruvlrq iuhh1 Vlqfh T lv d SLG/ wklv irufhv ` wr eh iuhh +ri

udqn d( G 8 o,1

Sursrvlwlrq 7 Zlwk ( dqg 8 dv deryh/ dK( G K8 o ' d( G 8 o ' �?_E(�1

Surri1 Zh zlvk wr vkrz wkdw e ' s ' ?/ zkhuh ? ' �?_E(�1 E| wkh suhylrxv sursrvlwlrq/

es ' ?21 Zh vkrz wkdw e ' s ' ? e| vkrzlqj wkdw e � ? dqg s � ?1 Iru s / zh qrwh wkdw (

lv d �hog vlqfh lw lv d �qlwh glylvlrq ulqj1 Wkhuhiruh/ ( lv d vhsdudeoh �hog h{whqvlrq ri wkh

�qlwh �hog 8 1 Wkhuhiruh/ wkhuh lv dq lqhuwldo h{whqvlrq u*8 zlwk u � ( dqg u ' (1 Vlqfh

s ' d( G 8 o ' du G 8 o ' du G 8 o � ?c

wklv irufhv s � ?1
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Wr suryh e � ?/ qrwh wkdw li K8 ' ]/ wkhq K( ' e3�]1 Ohw @ 5 ( zlwk �E@� ' e3�1

Ohw g ' 8 E@�/ d vxe�hog ri (1 Wkhq dg G 8 o � ?1 Krzhyhu/ Kg ' e3�] vlqfh e3� 5 Kg

dqg Kg � K(1 Wklv vkrzv wkdw wkh udpl�fdwlrq lqgh{ ri g*8 lv e1 E| wkh ixqgdphqwdo

lqhtxdolw|/ e � dg G 8 o1 Wklv irufhv e � ?1 Vlqfh erwk e dqg s duh qr odujhu wkdq ?/ wkh

htxdwlrq es ' ?2 irufhv e ' s ' ?1

Lq wkh surri ri wkh suhylrxv sursrvlwlrq/ zh vhh wkdw wkh lqhuwldo h{whqvlrq u wkdw lv d oliw

ri ( lv d pd{lpdo vxe�hog ri ( vlqfh du G 8 o ' d( G 8 o ' ?1 Zh zloo ghvfuleh wkh vwuxfwxuh

ri ( e| ghvfulelqj wkh lqhuwldo h{whqvlrqv ri 8 1

Sursrvlwlrq 8 Ohw u*8 eh dq lqhuwldo h{whqvlrq ri ghjuhh ?1 Wkhq u lv wkh vsolwwlqj �hog

ri %^
? � % ryhu 8 1 Pruhryhu/ u*8 lv d f|folf Jdorlv h{whqvlrq1

Surri1 Vlqfh
��8 �� ' ^ dqg du G 8 o ' ?/ zh kdyh

��u�� ' ^?1 Wkhuhiruh/ u lv wkh vsolwwlqj

�hog ri %^
? � % ryhu 8 e| wkh wkhru| ri �qlwh �hogv1 Wklv sro|qrpldo kdv qr uhshdwhg urrwv/

vr e| Khqvho*v ohppd/ %^
?�% vsolwv ryhu u1 Li uf lv wkh vsolwwlqj �hog lqvlgh u ri %^

?�% ryhu

8 / wkhq uf � u vlqfh uf frqwdlqv doo ri wkh urrwv ri %^
? � %1 Wklv irufhv uf ' u/ dqg wkh

ixqgdphqwdo lqhtxdolw| dssolhg wr uf*8 irufhv uf ' u1 Wklv suryhv wkdw u lv wkh vsolwwlqj

�hog ri %^
?�% ryhu 8 1 Vr/ u*8 lv Jdorlv1 Pruhryhu/ B@*Eu*8 � �' B@*Eu*8 � e| frppxwdwlyh

ydoxdwlrq wkhru|1 Vlqfh B@*Eu*8 � lv f|folf e| �qlwh �hog wkhru|/ B@*Eu*8 � lv f|folf1

Vxssrvh wkdw u*8 lv dq lqhuwldo h{whqvlrq ri ghjuhh ?1 Zh fdq eh pruh vshfl�f derxw

d jhqhudwru ri B@*Eu*8 �1 E| �qlwh �hog wkhru|/ B@*Eu*8 � ' kjl/ zkhuh jE@� ' @^ iru doo

@ 5 u1 Ohw ju 5 B@*Eu*8 � eh wkh oliw ri j1 Wkxv/ juE%� ' jE%� iru doo xqlwv % 5 u1 Wkh

hohphqw ju lv fdoohg wkh Iurehqlxv dxwrprusklvp ri u*8 1 Qrwh wkdw d pruh surshu qrwdwlrq

zrxog eh ju*8 / exw zh rplw wkh 8 vlqfh zh dozd|v zloo xvh 8 dv wkh edvh �hog1

Fruroodu| 9 Ohw g dqg u eh lqhuwldo h{whqvlrqv ri 8 frqwdlqhg lq dq dojheudlf forvxuh ri

8 1

41 g ' u l� dg G 8 o ' du G 8 o1

51 u lv 8 0lvrprusklf wr d vxe�hog ri g l� du G 8 o glylghv dg G 8 o1

Surri1 Wkh �uvw vwdwhphqw iroorzv iurp wkh xqltxhqhvv ri vsolwwlqj �hogv dqg wkh suhylrxv

sursrvlwlrq1 Iru wkh vhfrqg/ e| xqltxhqhvv ri lqhuwldo oliwv/ u lv 8 0lvrprusklf wr d vxe�hog

ri g l� u lv 8 0lvrprusklf wr d vxe�hog ri g/ dqg wklv kdsshqv l� du G 8 o glylghv dg G 8 o e|

�qlwh �hog wkhru|1 Vr/ u hpehgv lq g l� du G 8 o glylghv dg G 8 o1

Zh zulwh 8? iru wkh xqltxh xs wr lvrprusklvp lqhuwldo h{whqvlrq ri 8 ri ghjuhh ?/ dqg

zh ghqrwh wkh Iurehqlxv dxwrprusklvp ri 8?*8 e| j?1

Fruroodu| : ( frqwdlqv d pd{lpdo vxe�hog wkdw lv f|folf Jdorlv dqg lqhuwldo ryhu 8 1 Wkhuh0

iruh/ ( lv wkh f|folf dojheud E8?*8c j?c @� iru vrph @ 5 8 / zkhuh ? ' �?_E(�1
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Surri1 Dv zh vd| lq wkh surri ri Sursrvlwlrq 7/ wkhuh lv d vxe�hog u ri ( zklfk lv lqhuwldo

ryhu 8 dqg zlwk u ' (1 Vr/ du G 8 o ' d( G 8 o ' ?> khqfh/ u lv d pd{lpdo vxe�hog ri (1

Pruhryhu/ vlqfh u*8 lv lqhuwldo/ u*8 lv f|folf Jdorlv/ u �' 8?/ dqg j? jhqhudwhv B@*E8?*8 �>

wkhvh idfwv iroorz iurp Sursrvlwlrq 81 Vlqfh ( kdv d f|folf pd{lpdo vxe�hog 8?/ zh vhh wkdw

( lv d f|folf furvvhg surgxfw E8?*8c j?c @� iru vrph @ 5 8 W1

Iurp wklv fruroodu|/ zh rewdlq wkh iroorzlqj vwuxfwxuh wkhruhp txlwh hdvlo|1

Wkhruhp ; Ohw � eh d fhqwudo vlpsoh 8 0dojheud1 Li _i}E�� ' 6/ wkhq � lv d f|folf dojheud

E86*8c j6c @� iru vrph @ 5 8 W1

Surri1 Zulwh � '�|E(� iru vrph glylvlrq dojheud ( ri lqgh{ ?1 Zh douhdg| nqrz wkdw

8? lv d pd{lpdo vxe�hog ri (1 Vlqfh ?| ' _i}E�� ' 6/ dqg vlqfh d86 G 8?o ' |/ wkh �hog 86
hpehgv lq �|E8?� ��|E(� ' �1 Wkhuhiruh/ 86 lv d +vwulfwo|, pd{lpdo vxe�hog ri � wkdw lv

f|folf Jdorlv ryhu 8 1 Wkxv/ zh fdq zulwh � ' E86*8c jc @� iru vrph @ 5 8 W1

Ohw Z eh d xqlirupl}hu iru 8 1 Wkhq dq| hohphqw @ 5 8 fdq eh zulwwhq lq wkh irup @ ' Zo�

zlwk � d xqlw1 Lq �hE8 � zh wkhq kdyh E86*8c j6c @� � E86*8c j6c Z�
o
8 E86*8c j6c ��1 Zh

jhw d vlpsoh ghvfulswlrq ri �hE8 � e| vkrzlqj wkdw wkh vhfrqg whup lv vsolw1

Sursrvlwlrq < Li � 5 8 W lv d xqlw/ wkhq E86*8c j6c �� lv vsolw1

Surri1 Ohw ( eh wkh xqghuo|lqj glylvlrq dojheud ri E86*8c j6c ��1 Zh zlvk wr vkrz

wkdw ( ' 8 1 E| Wkhruhp ;/ kdyh ( ' E8?*8c j?c K� iru vrph K 5 8 W1 E| glphqvlrq frxqw/

li � ' �|E(�/ wkhq 6 ' |?1 E| surshuwlhv ri wkh lq dwlrq pds ri frkrprorj|/ zh kdyh

( � E86*8c j6c K
|�1 Vlqfh � lv vlplodu wr (/ wklv irufhv E86*8c j6c K

|� �' E86*8c j6c ��1

Wkhuhiruh/ E86*8c j6c K|�3�� lv vsolw1 Wkxv/ K|�3� ' �86*8 ES� iru vrph S 5 8 W

61 Wdnlqj

ydoxhv jlyhv |�EK� ' 6�ES�/ vr �EK� ' ?�ES�1 Krzhyhu/ vlqfh 86*8 lv dq lqhuwldo h{whqvlrq/

wkhuh lv dq @ 5 8 zlwk �E@� ' �ES�1 Vr/ K ' @?� iru vrph xqlw � 5 8 W1 Wklv suryhv wkdw

( � E8?*8c j?c ��1 Djdlq/ e| glphqvlrq frxqw zh jhw ( ' E8?*8c j?c ��1 Vr/ wkhuh lv dq

% 5 (W zlwk %_%3� ' j?E_� iru doo _ 5 8 W

? / dqg %? ' �1 Wkh frqglwlrq %? ' � phdqv wkdw

�E%� ' f/ vr % lv d xqlw lq (1 Zh wkhq jhw d uhvlgxh furvvhg surgxfw E8?*8 c j?c �� dv d

vxedojheud ri (1 Krzhyhu/ d( G 8 o ' ? dqg wklv furvvhg surgxfw kdv glphqvlrq ?2 ryhu 8 1

Wklv irufhv ? ' �/ vr ( ' 8 dv ghvluhg1

Zh fdq qrz ghwhuplqh �hE8 �1 Vlqfh hyhu| �qlwh glphqvlrqdo 8 0fhqwudo glylvlrq dojheud

kdv d pd{lpdo lqhuwldo vxe�hog/ zh kdyh �hE8 � '
V

?�hE8?*8 �1

Wkhruhp 43 �hE8?*8 � �' ]*?]1

Surri1 E| wkh suhylrxv uhvxow dqg wkh frpphqw suhfhglqj lw/ zh nqrz wkdw hyhu| hoh0

phqw lq �hE8?*8 � lv vlplodu wr E8?*8c j?c Z�
o iru vrph o1 Vr/ �hE8?*8 � lv wkh f|folf jurxs

jhqhudwhg e| wkh fodvv ri . ' E8?*8c j?c Z�1 Zh zloo eh grqh e| vkrzlqj wkdw i TE.� ' ?1
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Lw lv fohdu wkdw i TE.� glylghv ?1 Vxssrvh wkdw i TE.� ' o1 Wkhq E8?*8c j?c Z
o� lv vsolw/ vr

Zo ' �8?*8 ES� iru vrph S 5 8 W

? 1 Wdnlqj ydoxhv/ dqg uhphpehulqj wkdw 8?*8 lv lqhuwldo/ zh

jhw o ' ?�ES�1 Vr/ �ES� ' o*?1 Exw/ vlqfh wkh ydoxh jurxs ri 8? lv ]/ wklv irufhv ? wr glylgh

o1 Vr/ o ' ?/ vr i TE.� ' ?1

Wkhruhp 44 Wkhuh lv dq lvrprusklvp �hE8 �$ T*] jlyhq e|

&*?n ]$ dE8?*8c j?c Z
&�oc

zkhuh ? 5 Q dqg f � & 	 ?1

Surri1 Zh gh�qh d pds T $ �hE8 � e| )E&*?� ' dE8?*8c j?c Z
&�o1 Wr vhh wkdw wklv

lv zhoo gh�qhg/ qrwh wkdw e| surshuwlhv ri lq dwlrq/ E8?*8c j?Z&� � E8?|*8c j?|c Z
&|� iru

dq| | : f1 Ohw &*? ' &�*?�1 Zh kdyh )E&*?� ' dE8?*8c j?c Z
&�o ' dE8??�*8c j??� c Z&?

�

�o

dqg )E&�*?�� ' dE8?�*8c j?�c Z&
�

�o ' dE8??�*8c j??� c Z&
�?�o1 Vlqfh &?� ' &�?/ zh vhh wkdw

)E&*?� ' )E&�*?��1 Lw lv hdv| wr vhh wkdw ) lv d jurxs krprprusklvp/ vlqfh li &*? dqg &�*?�

duh lq T/ wkhq

)E&*?n &�*?�� ' ) EE&?� n &�?�*??��

' dE8??�*8c j??� c Z&?
�n&�?�o

' dE8??�*8c j??� c Z&?
�

�odE8??�*8c j??�c Z&
�?�o

' dE8?*8c j?c Z
&�odE8?�*8c j?� c Z&

�

�o ' )E&*?�)E&�*?��

e| surshuwlhv ri lq dwlrq djdlq1 Lw lv fohdu wkdw ] � !ih) vlqfh E8?*8c j?c Z
?|� lv vsolw iru doo

|1 Frqyhuvho|/ li &*? 5 !ih)/ wkhq E8?*8c j?c Z
&� lv vsolw1 Vlqfh wkh h{srqhqw ri E8?*8c j?c Z�

lv ? e| Wkhruhp 43/ wklv irufhv ? wr glylgh &/ vr &*? 5 ]1 Ilqdoo|/ ) lv vxumhfwlyh e| Wkhruhp

;1 Zh wkhq kdyh dq lqgxfhg lvrprusklvp T*] �' �hE8 �1

Ohw �?� G �hE8 � $ T*] eh wkh lqyhuvh pds wr wkh lvrprusklvp lq wkh wkhruhp deryh1

Wkh hohphqw �?�Ed�o� lv fdoohg wkh lqyduldqw ri �/ dqg wklv qxpehu frpsohwho| ghwhuplqhv �1

Wkh iroorzlqj fruroodu| jlyhv wkh edvlf surshuwlhv ri wklv ixqfwlrq1

Fruroodu| 45 Ohw � dqg � eh fhqwudo vlpsoh 8 0dojheudv1 Wkhq

41 � � � l� �?�E�� ' �?�E��1

51 � � 8 l� �?�E�� ' f1

61 �?_E�� lv wkh rughu ri �?�E�� lq T*]1

71 �?�E�
8 �� ' �?�E�� n �?�E��1

9



81 �?�E�6� ' 6 �?�E��1

Surri1 Doo ri wkhvh surshuwlhv iroorz lpphgldwho| iurp wkh gh�qlwlrq ri �?�/ h{fhsw

shukdsv iru +6,1 Wr suryh +6,/ vxssrvh wkdw �?�E�� ' &*?n] zlwk ? : f dqg }U_E&c ?� ' �1

Wkhq wkh rughu ri �?�E�� lq T*] lv ?1 Krzhyhu/ wkh lqgh{ ri ( ' E8?*8c j?c Z� lv ?/ dqg �

lv vlplodu wr (	&/ vr �?_E�� ' ? vlqfh }U_E&c ?� ' �1

Fruroodu| 46 Li � lv d fhqwudo vlpsoh 8 0dojheud/ wkhq �?_E�� ' i TE��1

Surri1 E| wkh suhylrxv fruroodu|/ �?_E�� lv htxdo wr wkh rughu ri �?�E�� lq T*]1 E|

xvlqj wkh lvrprusklvp ) ' �?�3�/ wklv rughu lv htxdo wr wkh rughu ri d�o lq �hE8 �1 Vlqfh wklv

rughu lv i TE��/ zh jhw �?_E�� ' i TE��1

Wkh �qdo uhvxow ri wklv qrwh ghvfulehv krz wkh lqyduldqw ehkdyhv xqghu vfdodu h{whqvlrq1

Lq wklv uhvxow zh qhhg wr dvvxph wkdw 8 lv frpsohwh> lw lv qrw vx!flhqw wr dvvxph wkdw 8 lv

Khqvholdq zlwk ydoxh jurxs ] dqg �qlwh uhvlgxh �hog iru wkh surri zh jlyh1 Zkdw zh qhhg

iurp frpsohwhqhvv lv wkdw dq| �qlwh h{whqvlrq ri frpsohwh �hogv lv ghihfwohvv1 Wklv fdq eh

irxqg lq ^6/ Fkds1 LL/ Wkp1 44`1

Sursrvlwlrq 47 Li .*8 lv d �hog h{whqvlrq zlwk 6 ' d. G 8 o/ dqg li � lv d fhqwudo vlpsoh

8 0dojheud/ wkhq �?�E�
8 .� ' 6 �?�E��1

Surri1 Ohw �?�E�� ' &*? n ]1 E| wkh lvrprusklvp �hE8 � $ T*]/ zh kdyh � �
E8?*8c j?c Z

&�1 Ohw u eh wkh pd{lpdo xqudpl�hg h{whqvlrq ri 8 lq .1 Zh zulwh g ' 8?

iru hdvh ri qrwdwlrq1 Ohw o ' dg. G go dqg r ' dg. G .o1 E| wkh wkhruhp ri qdwxudo

luudwlrqdolwlhv dqg Sursrvlwlrq 8/ zh kdyh

r ' dg G g _.o ' dg G g _ uo�

Dovr/ ohw , ' du G g _ uo1 E| Sursrvlwlrq 8/ vlqfh g dqg u duh lqhuwldo ryhu g _ u/ zh kdyh

}U_Erc ,� ' �1 Ohw e ' eE.*8 �/ wkh udpl�fdwlrq lqgh{ ri .*8 1 Li @ lv d xqlirupl}hu iru ./

wkhq Z dqg @e kdyh wkh vdph ydoxh lq u1 Li | ' dg_u G 8 o/ wkhq ,| ' du G 8 o ' sE.*8 � G' s /

vr

�
8 . � Eg*8c jg c Z
&�
8 .

� E.g*.c j|g*8 c @
e&�

� E.g*.c jo,g*8 c @
e&,�

� E.g*.c jsg*8 c @
e&,�c

wkh wklug vlplodulw| iroorzv vlqfh }U_Erc ,� ' �1 Qrz ohw xv ghwhuplqh wkh Iurehqlxv dxwrpru0

sklvp ri .g*g1 Vlqfh .g*. lv lqhuwldo/ .g ' .r/ wkh lqhuwldo h{whqvlrq ri . ri ghjuhh r1

:



Wkh Iurehqlxv dxwrprusklvp � ri .g*. lv ghwhuplqhg e| �E@� ' E@�m.m ' @s^1 Wkhuhiruh/

� ' jsg*8 1 Khuh lv wkh rqh sodfh wkdw zh lqyrnh frpsohwhqhvv= vlqfh . lv d frpsohwh �hog/

.*8 lv ghihfwohvv/ vr 6 ' d. G 8 o ' es ' e,|/ vr e&, ' &6*|1 Wkxv/

�
8 . � E.r*.c j.c @
&6*|��

Wkhuhiruh/ vlqfh ? ' r|/

�?�E�
8 .� '
&6*|

r
'

6&

r|
'

6&

?
' 6 �?�E���

Iurp wklv uhvxow zh fdq ghwhuplqh h{dfwo| zkhq d �hog h{whqvlrq ri 8 vsolwv d fhqwudo

vlpsoh 8 0dojheud1

Fruroodu| 48 D �hog h{whqvlrq . ri 8 vsolwv � l� �?_E�� glylghv d. G 8 o1

Surri1 Ohw �?�E�� ' &*? n ] zlwk ? : f dqg }U_E&c ?� ' �1 Zh kdyh vhhq wkdw

? ' �?_E��1 Vlqfh �?�E� 
8 .� ' d. G 8 o �?�E�� e| wkh suhylrxv fruroodu|/ zh vhh wkdw .

vsolwv � l� �?�E� 
8 .� ' f n ] l� d. G 8 o&*? 5 ]1 Vlqfh }U_E&c ?� ' �/ wklv irufhv ? wr

glylgh d. G 8 o/ dv ghvluhg1

Zh srlqw rxw wkdw li 8 lv rqo| d Khqvholdq glvfuhwho| ydoxhg �hog zlwk �qlwh uhvlgxh �hog/

wkhq dq h{whqvlrq .*8 qhhg qrw eh ghihfwohvv lq wkh fdvh U�@hE8 � ' R : f1 Li .*8 lv

vhsdudeoh/ wkh surri ri Sursrvlwlrq 6 fdq eh prgl�hg +xvh A.*8 lqvwhdg ri Ah_, wr suryh wkdw

.*8 lv ghihfwohvv1 Krzhyhu/ lw lv srvvleoh iru .*8 wr eh ghihfwlyh li .*8 lv lqvhsdudeoh1 Zh

jlyh dq h{dpsoh ri wklv/ dqg xvh wklv wr surgxfh dq h{dpsoh zkhuh wkh suhylrxv fruroodu|

grhv qrw krog1

H{dpsoh 49 Ohw & eh d �qlwh �hog ri fkdudfwhulvwlf R1 Lw lv nqrzq wkdw &EE%�� lv qrw

dojheudlf ryhu &E%�1 Ohw + 5 &EE%�� eh wudqvfhqghqwdo ryhu &1 Wkhq zh kdyh wkh fkdlq ri

�hogv &E%� � &E%c +R� � &E%c +� � &EE%��1 Zlwk wkh %0dglf ydoxdwlrq rq &EE%��/ wklv ydoxdwlrq

uhvwulfwv wr d ydoxdwlrq rq 8f G' &E%c +R� dqg gf G' &E%c +� vr wkdw Kgf
' K8f ' ] dqg

gf ' 8f ' &1 Li zh irup wkh Khqvhol}dwlrq 8 ri 8f dqg vhw g ' 8gf/ wkhq vlqfh 8*8f lv

vhsdudeoh/ dg G 8 o ' R/ dqg g*8 lv sxuho| lqvhsdudeoh1 Pruhryhu/ zh kdyh

Kg ' Kgf
' K8f ' K8

dqg

g ' gf ' 8f ' 8�

;



Wkxv/ g*8 lv ghihfwlyh1

H{dpsoh 4: Ohw g*8 eh dv lq wkh suhylrxv h{dpsoh/ dqg ohw ( eh d glylvlrq dojheud ri

lqyduldqw �*R n ]1 Iru h{dpsoh/ zh frxog wdnh ( ' E8?*8c j?c Z�1 Zh kdyh K( _ Kg ' K8

dqg ( 
8 g ' (1 Vr/ e| ^5/ Wkp1 4`/ ( 
8 g lv d glylvlrq dojheud1 Wkhuhiruh/ g grhv

qrw vsolw ( hyhq wkrxjk �?_E(� glylghv dg G 8 o1 Wkxv/ wkh suhylrxv fruroodu| lv idovh iru

8 1 Pruhryhu/ �?�E( 
8 g� ' dg G 8 o �?�E(� lv dovr idovh vlqfh dg G 8 o �?�E(� ' f zkloh

�?�E( 
8 g� lv qrq}hur1

Uhihuhqfhv

^4` R1 Hqgohu/ Ydoxdwlrq Wkhru|/ Vsulqjhu0Yhuodj/ 4<:51

^5` S1 Prudqgl/ Wkh Khqvhol}dwlrq ri d ydoxhg glylvlrq dojheud/ M1 Dojheud 455 +4<;<,/ 5650

5761

^6` R1 I1 J1 Vfkloolqj/ Wkh Wkhru| ri Ydoxdwlrqv/ Pdwk1 Vxuyh|v Qr1 7/ Dphu1 Pdwk1 Vrf1/

4<831

^7` D1 Zdgvzruwk/ H{whqglqj ydoxdwlrqv wr �qlwh glphqvlrqdo glylvlrq dojheudv/ Surf1 Dphu1

Pdwk1 Vrf1 <; +4<;9,/ 530551

<


