
H{dpsohv ri Orfdol}dwlrq

Sdwulfn M1 Prudqgl

Vhswhpehu 4;/ 4<<;

Lq wklv qrwh zh jlyh d qxpehu ri h{dpsohv ri orfdol}dwlrq1 Zkloh zh gr qrw jlyh wkh

frqvwuxfwlrq ri orfdol}dwlrq/ zh gr uhfdoo wkh xqlyhuvdo pdsslqj surshuw|= Ohw - eh d frp0

pxwdwlyh ulqj dqg ohw 7 eh d pxowlsolfdwlyho| forvhg vxevhw ri -1 Ghqrwh e| j wkh fdqrqlfdo

krprprusklvp j G - $ 73�- +gh�qhg e| jEo� ' o*�,1 Vxssrvh wkdw wkhuh lv d ulqj kr0

prprusklvp ) G - $ A zlwk )E7� � A W1 Wkhq wkhuh lv d xqltxh ulqj krprprusklvp

)� G 73�-$ A vxfk wkdw )� � j ' )> wkdw lv/ wkh iroorzlqj gldjudp frppxwhv=
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Uhfdoo wkdw wkh xqlyhuvdo pdsslqj surshuw| kdv wkh iroorzlqj frqvhtxhqfh1 Li -� lv d

ulqj wrjhwkhu zlwk d ulqj krprprusklvp j� G - $ -� vxfk wkdw E-�c j�� vdwlv�hv wkh vdph

pdsslqj surshuw| dv E73�-c j�/ wkhq 73�- �' -�1

H{dpsoh 4 Ohw - eh dq lqwhjudo grpdlq dqg ohw 7 ' -� ifj1 Wkhq 7 lv pxowlsolfdwlyho|

forvhg/ dqg 73�- lv wkh txrwlhqw �hog ri -1 Wkh xqlyhuvdo pdsslqj surshuw| iru 73�-

fdq eh skudvhg lq wkh iroorzlqj zd|= Ohw 8 eh d �hog vxfk wkdw wkhuh lv dq lqmhfwlyh ulqj

krprprusklvp ) G -$ 8 1 Wkhq wkhuh lv dq lqmhfwlyh ulqj krprprusklvp )� G 73�-$ 8

vxfk wkdw )� � j ' )1 Vr/ li 8 frqwdlqv +dq lvrprusklf frs| ri, -/ wkhq 8 dovr frqwdlqv

73�-1 Vr/ wkh txrwlhqw �hog ri - lv wkh vpdoohvw �hog wkdw frqwdlqv -1

H{dpsoh 5 Ohw s 5 - eh d qrq0qlosrwhqw hohphqw1 Li 7 ' is? G ? � fj/ wkhq 7 lv pxowl0

solfdwlyho| forvhg/ dqg 7 grhv qrw frqwdlq f vlqfh s lv qrw qlosrwhqw1 Wkh ulqj 73�- G' -s

fdq eh zulwwhq dv -s ' i@*s? G @ 5 -c ? � fj1 Uhfdoolqj wkh ghvfulswlrq ri lghdov lq d orfdo0

l}dwlrq/ zh vhh wkdw wkh lghdov ri -s duh ri wkh irup 73�U zlwk U dq lghdo ri - wkdw grhv

qrw frqwdlq dq| srzhu ri s 1 Iurp wklv idfw zh fdq suryh wkh iroorzlqj uhvxow= ohw � eh dq

lghdo ri - pd{lpdo +zlwk uhvshfw wr lqfoxvlrq, dprqj wkh lghdov ri - wkdw duh glvmrlqw iurp
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71 Wkhq � lv d sulph lghdo1 Qrwh wkdw d ]ruq*v ohppd dujxphqw jlyhv wkh h{lvwhqfh ri � >

wkh frqglwlrq wkdw s lv qrw qlosrwhqw lv uhtxluhg wr pdnh iU G U _ 7 ' Bj d qrqhpsw| vhw1

Wr suryh wklv/ jlyhq � / zh kdyh 73�� 9' 73�- vlqfh � _ 7 ' B1 Ohw � eh d pd{lpdo lghdo

ri 73�- wkdw frqwdlqv 73�� 1 Wkhq j3�E�� lv dq lghdo ri - wkdw frqwdlqv � 1 Pruhryhu/

j3�E�� _ 7 ' B vlqfh � lv jhqhudwhg e| wkh lpdjh ri j3�E��1 E| pd{lpdolw|/ zh jhw

� ' j3�E��1 Krzhyhu/ vlqfh � lv d sulph lghdo ri 73�-/ zh vhh wkdw � ' j3�E�� lv d

sulph lghdo ri -1

H{dpsoh 6 Ohw � eh d sulph lghdo ri -/ dqg ohw 7 ' - � � 1 Wkdw 7 lv pxowlsolfdwlyho|

forvhg lv htxlydohqw wr wkh frqglwlrq wkdw � lv sulph1 Wkh orfdol}dwlrq 73�- lv xvxdoo|

ghqrwhg e| -� 1 Wkh sulph lghdov ri -� duh lq 4�4 fruuhvsrqghqfh zlwk wkh sulph lghdov '

ri - zlwk '_7 ' B1 Wkh frqglwlrq '_7 ' B lv htxlydohqw wr wkh frqglwlrq ' � � 1 Wkxv/

wkh lghdo 73�� lv wkh xqltxh pd{lpdo lghdo ri -� 1 Wkhuhiruh/ -� lv d orfdo ulqj> lq rwkhu

zrugv/ -� kdv d xqltxh pd{lpdo lghdo1 Orfdo ulqjv kdyh d qxpehu ri qlfh surshuwlhv> zh

zloo vhh vrph wkurxjkrxw wkh vhphvwhu1 Qrwh wkdw li A lv d orfdo ulqj zlwk xqltxh pd{lpdo

lghdo � / wkhq A W ' A �� 1

H{dpsoh 7 Ohw ��c � � � c �? eh sulph lghdov ri -/ dqg vhw 7 ' - � V?

�'� ��1 Vlqfh 7 '
W?

�'�E- � ���/ zh vhh wkdw 7 lv pxowlsolfdwlyho| forvhg1 Wkh sulph lghdov ri 73�- duh lq

4�4 fruuhvsrqghqfh zlwk wkh sulph lghdov ' ri - zlwk ' _ 7 ' B> wkdw lv/ zlwk wkh sulph

lghdov ' ri - wkdw duh frqwdlqhg lq
V?

�'� ��1 Krzhyhu/ e| wkh sulph dyrlgdqfh wkhruhp/ dq|

vxfk sulph lghdo lv frqwdlqhg lq rqh ri wkh ��1 Wkhuhiruh/ i73��� G � � � � ?j frqwdlqv wkh

pd{lpdo lghdov ri 73�-1 Li wkh �� duh sdluzlvh lqfrpsdudeoh +�� 9� �� iru doo � 9' �,/ wkhq

wklv lv h{dfwo| wkh vhw ri pd{lpdo lghdov ri 73�-1 Lq dq| fdvh/ 73�- lv d vhplorfdo ulqj> d

ulqj zlwk rqo| �qlwho| pdq| pd{lpdo lghdov1

H{dpsoh 8 Ohw 7 ' -W/ wkh jurxs ri xqlwv ri -1 Wkhq 73�- ' -/ zklfk fdq eh vhhq

iurp wkh xqlyhuvdo pdsslqj surshuw|= wkh lghqwlw| pds �_ G - $ - vdwlv�hv �_E7� � -W/

vr wkhuh lv d xqltxh jurxs krprprusklvp ) G 73�- $ - vxfk wkdw ) � j ' �_1 Vr/ j lv

lqmhfwlyh1 Krzhyhu/ lw lv hdv| wr vhh wkdw j lv vxumhfwlyh/ vlqfh li o 5 - dqg r 5 7 ' -W/ wkhq

o*r ' Eor3��*� 5 �4Ej�1 Wkxv/ j lv dq lvrprusklvp/ vr 73�- �' -1

H{dpsoh 9 Ohw - eh d ulqj/ dqg ohw 7 ' iqrq0}hur glylvruv ri -j1 Wkhq 7 lv pxowlsolfd0

wlyho| forvhg/ dqg wkh fdqrqlfdo pds j G - $ 73�- lv lqmhfwlyh1 Pruhryhu/ 73�- lv wkh

odujhvw orfdol}dwlrq ri - iru zklfk wkh fdqrqlfdo pds lv lqmhfwlyh1 Iru/ li A lv d pxowlsolfd0

wlyho| forvhg vxevhw ri - vxfk wkdw � G -$ A3�- lv lqmhfwlyh/ wkhq A fdqqrw frqwdlq d }hur

glylvru/ vlqfh li | 5 A lv d }hur glylvru/ wkhq iru dq| qrq}hur o 5 - zlwk o| ' f/ zh kdyh

o*� ' f*� lq A3�- vlqfh o| ' f1 Wklv suryhv wkdw A � 71 Wkhuhiruh/ e| wkh xqlyhuvdo

pdsslqj surshuw| iru A3�-/ dv wkh pds j G - $ 73�- vdwlv�hv jEA � � E73�-�W/ zh vhh
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wkdw wkhuh lv d ulqj krprprusklvp ) G A3�- $ 73�- wkdw vdwlv�hv )Eo*|� ' o*| 5 73�-1

Pruhryhu/ ) lv lqmhfwlyh/ vlqfh o*| ' f*� lq 73�- phdqv wkdw wkhuh lv dq r 5 7 zlwk or ' f/

exw wklv irufhv o ' f vlqfh r lv qrw d }hur glylvru1 Vr/ ) G A3�-$ 73�- lv lqmhfwlyh/ vr 73�-

frqwdlqv dq lvrprusklf frs| ri A3�-1 Lw lv lq wklv vhqvh wkdw 73�- lv wkh odujhvw orfdol}dwlrq

vxfk wkdw wkh fdqrqlfdo pds lv lqmhfwlyh1

Wkh ulqj 73�- lv fdoohg wkh wrwdo txrwlhqw ulqj ri -1 Wklv lv d jhqhudol}dwlrq ri wkh qrwlrq

ri wkh txrwlhqw �hog ri dq lqwhjudo grpdlq1

H{dpsoh : Ohw - eh dq lqwhjudo grpdlq zlwk txrwlhqw �hog 8 / dqg ohw 7 ' - � ifj �
-d%o1 Wkhq 73�E-d%o� ' 8 d%o/ zklfk zh fdq vhh iurp wkh xqlyhuvdo pdsslqj surshuw|1

Vlqfh wkh lghqwlw| krprprusklvp �_ G -d%o $ 8 d%o vdwlv�hv �_E7� � 8 d%oW/ zh jhw d ulqj

krprprusklvp ) G 73�-d%o $ 8 d%o gh�qhg e| sE%�*r ' r3�sE%�1 Wklv pds lv vxumhfwlyh/

vlqfh dq| sro|qrpldo lq 8 d%o fdq eh zulwwhq lq wkh irup E@f*kn � � �nE@?*k�%
? zlwk @� 5 -/

k 5 -� ifj e| xvlqj frpprq ghqrplqdwruv/ vr wklv sro|qrpldo lv wkh lpdjh ri E@f n � � �n
@?%

?�*k1 Dovr/ ) lv lqmhfwlyh/ vlqfh �_ G -d%o$ 8 d%o lv lqmhfwlyh1 Vr/ 73�-d%o �' 8 d%o1

H{dpsoh ; Ohw f eh dq rshq frqqhfwhg vxevhw ri F/ dqg ohw - eh wkh vhw ri ixqfwlrqv

dqdo|wlf rq f dqg ohw 8 eh wkh vhw ri ixqfwlrqv dqdo|wlf rq f h{fhsw shukdsv iru kdylqj

srohv dw �qlwho| pdq| srlqwv1 Wkhq - lv d frppxwdwlyh ulqj xqghu srlqwzlvh dgglwlrq dqg

pxowlsolfdwlrq1 Pruhryhu/ zh fdq gh�qh srlqwzlvh rshudwlrqv rq 8 / e| gh�qlqj Es n}�E� � '

sE� � n }E� � dqg Es}�E� � ' sE� �}E� � zkhqhyhu s dqg } duh erwk gh�qhg dw � +|rx vkrxog

wklqn vrph derxw wklv,1 Zlwk wklv gh�qlwlrq/ 8 lv d ulqj frqwdlqlqj -1 Ohw � 5 f/ dqg ohw

-� � 8 eh wkh vhw ri ixqfwlrqv wkdw duh dqdo|wlf dw � 1 Vr/ dq| s 5 -� lv dqdo|wlf rq dq

rshq qhljkerukrrg ri � 1 Zh fohduo| kdyh - � -� � 8 / dqg -� lv d vxeulqj ri 8 1 Pruhryhu/

ohw �� ' is 5 - G sE� � ' fj1 Wkhq �� lv dq lghdo ri -/ dv lv hdvlo| fkhfnhg1 Dovr/ vlqfh

s}E� � ' sE� �}E� �/ zh vhh wkdw s} 5 �� irufhv s 5 �� ru } 5 �� 1 Wklv phdqv wkdw ��

lv d sulph lghdo ri -1 Qrz/ ohw s 5 -� 1 Vxssrvh wkdw wkh srohv ri s lq f duh dw '�c � � � c '|/

dqg wkdw '� lv d sroh ri rughu ?� ri s 1 Wkhq }E%� G' sE%�E%�'��
?� � � � E%�'|�

?| lv dqdo|wlf

rq f1 Pruhryhu/ rE%� G' E% � '��
?� � � � E% � '|�

?| lv dqdo|wlf rq f/ dqg rE� � 9' f1 Vr/

r 5 -��� / dqg sE%� ' }E%�*rE%�1 Vr/ -� lv wkh orfdol}dwlrq -��
1

H{dpsoh < Khuh lv dq h{dpsoh iurp dojheudlf jhrphwu|/ dqg lw lv dq dojheudlf dqdorjxh ri

wkh suhylrxv h{dpsoh1 Ohw sE%c +� ' +2�E%��%� 5 Fd%c +o/ dqg ohwf ' iE@c K� G sE@c K� ' fj1
Ohw Fdfo ' Fd%c +o*Es�1 Zh fdq wklqn ri Fdfo dv wkh ulqj ri sro|qrpldo ixqfwlrqv rq f

vlqfh wzr sro|qrpldov jlyh wkh vdph ixqfwlrq rq f l� wkh| gl�hu e| d pxowlsoh ri s +wklv

xvhv wkh idfw wkdw Es� lv d sulph lghdo ri Fd%c +o,1 Dovr/ ohw FEf� eh wkh txrwlhqw �hog ri

Fdfo1 Zh zloo wklqn ri FEf� dv wkh �hog ri udwlrqdo ixqfwlrqv rq f1 Li � 5 f/ ohw -

eh wkh vxeulqj ri FEf� frqvlvwlqj ri wkh udwlrqdo ixqfwlrqv wkdw duh gh�qhg dw � 1 Rqh
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fdq vkrz wkdw li �� ' is 5 Fdfo G sE� � ' fj/ wkhq �� lv d sulph lghdo ri Fdfo dqg

wkdw Fdfo��
' -1 Wkh qdph �orfdol}dwlrq� frphv iurp wklv w|sh ri h{dpsoh> e| sdvvlqj

iurp Fdfo wr - zh duh irfxvlqj rxu dwwhqwlrq rq wkh ixqfwlrqv gh�qhg lq d qhljkerukrrg

ri � 1 Lq rwkhu zrugv/ zh duh orfdol}lqj rxu dwwhqwlrq dw � 1 Qrwh wkdw zh frxog kdyh

vwduwhg zlwk dq| luuhgxfleoh sro|qrpldo lq Fd%�c � � � c %?o dqg uhshdwhg wklv frqvwuxfwlrq1

Ixuwkhupruh/ zh frxog kdyh vwduwhg zlwk dq| sulph lghdo U ri Fd%�c � � � c %?o dqg uhshdwhg

wklv zlwk f ' i� 5 F? G sE� � ' f iru doo s 5 Uj dqg Fdfo ' Fd%�c � � � c %?o*U1

H{dpsoh 43 Ohw -� dqg -2 eh frppxwdwlyh ulqjv/ dqg ohw - ' -� � -21 Ohw �� eh d

sulph lghdo ri -�/ dqg vhw � ' �� �-21 Wkhq � lv d sulph lghdo ri -1 Pruhryhu/ zh fodlp

wkdw -�
�' E-����1 Wr suryh wklv/ ohw j dqg j� eh wkh fdqrqlfdo pdsv j G - $ -� dqg

j� G -� $ E-����1 Ohw Z G - $ -� eh wkh vwdqgdug surmhfwlrq1 Wkhq ZE� � ' ��/ dqg vr

ZE7 � � � � E-��
W

��
1 Vr/ e| wkh xqlyhuvdo pdsslqj surshuw|/ wkhuh lv d ulqj krprprusklvp

Z� G -� $ E-����/ dqg wklv pds vdwlv�hv Z�EEo�c o2�*Er�c |2�� ' o�*r�1 Frqyhuvho|/ wkhuh lv d

ulqj krprprusklvp � G -� $ -� jlyhq e| � Eo� ' Eoc f�*E�c ��1 Qrwh wkdw vlqfh E�c f�*E�c �� '

E�c ��*E�c �� lq -� / wkh pds � grhv vhqg � wr �/ vr � lv d ulqj krprprusklvp1 Wkh pds �

vhqgv -� � �� lqwr wkh xqlwv ri -� / vr wkh xqlyhuvdo pdsslqj surshuw| jlyhv xv d pds � � G

E-���� $ -� 1 Wklv pds vdwlv�hv � �Eo*r� ' Eoc f�*Erc f�1 Iurp wkh gh�qlwlrq ri orfdol}dwlrq/

Eoc o2�*Erc |2� ' Eoc f�*Erc f� iru dq| o 5 -�c r 5 -� � �� dqg o2c |2 5 -21 Wklv suryhv wkdw

Z� � j� ' �_/ dqg wkh htxdolw| j� � � � ' �_ lv vlpsoh1 Vr/ -�
�' E-����1
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