
Qrq Deholdq Frkrprorj|

Sdwulfn M1 Prudqgl

Vhswhpehu 4;/ 4<<;

Ohw C eh d jurxs dqg ohw � eh d C0prgxoh1 Lq wklv qrwh zh zloo gh�qh MfECc�� dqg
M�ECc��/ dqg zh zloo vkrz wkdw wkh| kdyh d qdwxudo vwuxfwxuh dv srlqwhg vhwv1 Pruhryhu/
jlyhq d vkruw h{dfw vhtxhqfh � $ �

R$ �
^$ � $ � ri C0prgxohv/ zh zloo rewdlq d orqj

h{dfw vhtxhqfh

� $ MfECc��
RW
f$ MfECc��

^W
f$ MfECc��

B$ M�ECc��
RW
�$ M�ECc��

^W
�$ M�ECc��� +4,

Ixuwkhupruh/ li � � ~E��/ zh vkrz wkdw wklv orqj h{dfw vhtxhqfh fdq eh h{whqghg rqh pruh
whup wr

� $ MfECc��
RW
f$ MfECc��

^W
f$ MfECc��

B$ M�ECc��
RW
�$ M�ECc��

^W
�$ M�ECc�� +5,

B$ M2ECc���

4 Gh�qlwlrq ri M�ECc��1

Dv lq wkh deholdq fdvh/ zh gh�qh MfECc�� ' �C/ wkh vhw ri C0�{hg hohphqwv ri �1 Iru
M�ECc��/ zh �uvw gh�qh d ixqfwlrq s G C$ � wr eh d frf|foh li iru doo jc � 5 C/ zh kdyh

sEj�jEsE� �� ' sEj� ��

Qh{w/ zh vd| wkdw wzr frf|fohv sc } duh frkrprorjrxv li wkhuh lv dq @ 5 � zlwk

}Ej� ' @3�sEj�jE@�

iru hdfk j 5 C1 Lw lv hdv| wr vhh wkdw wkh uhodwlrq ri frkrprorj| lv dq htxlydohqfh uhodwlrq/ vr
zh gh�qh M�ECc�� wr eh wkh vhw ri htxlydohqfh fodvvhv ri frf|fohv iurp C wr �1 Zkloh zh gr
qrw jhw d jurxs vwuxfwxuh rq M�ECc��/ zh kdyh d glvwlqjxlvkhg hohphqw/ wkh wulyldo frf|foh
� gh�qhg e| �Ej� ' �1 Zh zloo ylhz M�ECc�� dv d srlqwhg vhw zlwk glvwlqjxlvkhg hohphqw
�1 Qrwh wkdw MfECc�� lv d jurxs/ vr lw lv dovr d srlqwhg vhw zlwk glvwlqjxlvkhg hohphqw ��
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5 Ixqfwruldo Surshuwlhv1

Jlyhq d pds R G �$ � ri C0prgxohv/ zh gh�qh pdsv RW� G M
�ECc�� $ M�ECc��1 Iru � ' f

wklv lv hdv|1 Zh ohw RW
f
' Rm�C1 Wklv jlyhv d pds iurp MfECc�� wr MfECc�� vlqfh R lv d pds

ri C0prgxohv/ vr li @ 5 �C/ wkhq jERE@�� ' REjE@�� ' RE@� iru hdfk j 5 C/ vr RE@� 5 �C1
Iru M�/ zh gh�qh RW

�
dv iroorzv1 Li s 5 M�ECc��/ wkhq RW

�
Es� ' R � s 1 Zh fdq vhh wkdw wklv

lv d zhoo gh�qhg pds/ vlqfh li jc � 5 C/ zh kdyh

RW
�
Es�Ej� � ' REsEj�� ' REsEj�jEsE� ��

' REsEj� � REjEsE���
' RW

�
Es�Ej� � jERW

�
EsE����c

vr RW
�
Es� lv d frf|foh lq M�ECc��1 Pruhryhu/ li sc } 5 M�ECc�� duh frkrprorjrxv/ wkhq

wkhuh lv dq @ 5 � zlwk }Ej� ' @3�sEj�jE@�/ vr RE}Ej�� ' RE@�3�REsEj��jERE@��/ vr RW
�
E}� lv

frkrprorjrxv wr RW
�
Es�1

Wkh ixqfwruldolw| ri RW� lv fohdu1 Li �
R$ �

^$ � lv dq h{dfw vhtxhqfh ri C0prgxohv/ wkhq
E^ � R�W

�
' ^W

�
� RW

�
lv lpphgldwh iurp wkh gh�qlwlrq/ dv lv E^ � R�W

f
' ^W

f
� RW

f
1

Zh qrz gh�qh d erxqgdu| pds B G MfECc�� $ M�ECc��1 Li S 5 �C/ ohw K 5 � zlwk
^EK� ' S/ dqg gh�qh BES� e| BES�Ej� ' K3�jEK�1 Qrwh wkdw K3�jEK� 5 !ihE^� ' �4ER�1 Zh
lghqwli| � zlwk RE�� khuh iru vlpsolflw|1 Zh �uvw vkrz wkdw BES� lv d frf|foh/ dqg wkhq
zh vkrz wkdw gl�huhqw fkrlfhv ri K |lhog frkrprorjrxv frf|fohv/ vr wkdw wkh pds B lv zhoo
gh�qhg1 Wr vkrz wkdw BES� lv d frf|foh/ li jc � 5 C/ wkhq

BES�Ej�jEBES�E��� ' K3�jEK�jEK3�� EK��

' K3�j� EK� ' BES�Ej� ��

Wkhuhiruh/ BES� lv d frf|foh1 Li K� 5 � zlwk ^EK�� ' S/ wkhq K� ' K@ iru vrph @ 5 �1 Wkhq

EK��3�jEK�� ' @3�K3�jEK�jE@�

' @3�BES�jE@�c

vr wkh frf|foh rewdlqhg iurp K� lv frkrprorjrxv lq � wr wkh rqh rewdlqhg iurp K1 Wkxv/ B lv
zhoo gh�qhg1

Vxssrvh wkdw � � ~E��1 Zh frqvwuxfw d erxqgdu| pds M�ECc�� $ M2ECc�� lq wklv
fdvh1 Ohw s 5 M�ECc��/ dqg iru hdfk j 5 C/ ohw Kj 5 � zlwk ^EKj� ' sEj�1 Zh gh�qh BEs�
e|

BEs�Ejc � � ' KjjEK��K
3�

j� �

Zh qhhg wr vkrz wkdw BEs� lv d 20frf|foh zlwk ydoxhv lq �/ wkdw B lv frpsdwleoh zlwk wkh
frkrprorj| uhodwlrq rq M�ECc��/ dqg wkdw BEs� grhv qrw ghshqg rq wkh fkrlfh ri wkh Kj1
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Li zh dsso| ^ wr BEs�Ejc � ��czh jhw sEj�jEsE���sEj��3� ' � vlqfh s lv d frf|foh1 Wkxv/ BEs�
kdv ydoxhv lq �1 Qh{w/ zh vkrz wkdw BEs� lv lqghshqghqw ri wkh fkrlfh ri wkh Kj1 Vxssrvh
wkdw ^EK�j� ' sEj� ' ^EKj�1 Wkhq K�j ' Kj@j iru vrph @j 5 �1 Wkhq

K�jjEK
�

��EK
�

j� �
3� ' Kj@jjEK��jE@��K

3�

j� @
3�

j�

' @jjE@��@
3�

j� � KjjEK��K3�

j�

' @jjE@��@
3�

j� BEs�Ejc � �c

Lq wklv fdofxodwlrq zh xvhg wkh dvvxpswlrq wkdw � � ~E��1 Wkhuhiruh/ wkh frkrprorj|
fodvv lq M2ECc�� grhv qrw ghshqg rq wkh fkrlfh ri wkh Kj1 Ilqdoo|/ vxssrvh wkdw sc } duh
frkrprorjrxv lq M�ECc��1 Wkhq wkhuh lv d S 5 � zlwk }Ej� ' S3�sEj�jES�1 Fkrrvh Kj
zlwk ^EKj� ' sEj�/ dqg ohw K 5 � zlwk ^EK� ' S1 Wkhq }Ej� ' ^EK3�KjjEK��1 Li zh xvh
K�j ' K3�KjjEK� wr gh�qh BE}�/ zh kdyh

BE}�Ejc �� ' K3�KjjEK� � jEK3�K�� EK�� � EK3�Kj�j�EK��
3�

' K3�KjjEK�jEK�
3�jEK��j� EK�j�EK�

3�K3�j� K

' K3�KjjEK��K
3�

j� K ' K3�BEs�Ejc � �K

' BEs�Ejc ���

Wkh �qdo htxdolw| lv wuxh vlqfh wkh ydoxhv ri BEs� olh lq �/ zklfk lv d fhqwudo vxejurxs ri �1
Wkxv/ wkh erxqgdu| pds B lv zhoo gh�qhg1

6 Wkh Orqj H{dfw Vhtxhqfh1

Zh qrz suryh wkdw wkh vhtxhqfh 4 lv dq h{dfw vhtxhqfh ri srlqwhg vhwv/ dqg wkdw wkh vhtxhqfh
5 lv h{dfw li � � ~E��1 Zh uhfdoo zkdw wklv phdqv1 Li � G f $ t lv d pds ri srlqwhg vhwv/
wkhq � lv d krprprusklvp li � vhqgv wkh glvwlqjxlvkhg hohphqw ri f wr wkh glvwlqjxlvkhg
hohphqw ri t 1 Wkh nhuqho ri d krprprusklvp � G f $ t lv wkh vhw ri doo hohphqwv ri f

wkdw pds wr wkh glvwlqjxlvkhg hohphqw ri t 1 D vhtxhqfh f �$ t
��$ ~ ri krprprusklvpv

ri srlqwhg vhwv lv wkhq h{dfw li !ihE��� ' �4E��1
Wr vkrz wkh vhtxhqfh 4 lv h{dfw/ zh yhuli| wklv rqh whup dw d wlph1
Dw MfECc��= Wklv lv fohdu vlqfh RW

f
' Rm�C dqg R lv lqmhfwlyh1

Dw MfECc��= E| wkh ixqfwruldolw| ri wkh pdsv/ }W
f
�RW

f
' E}�R�W

f
' f vlqfh }�R lv wkh }hur

pds1 Frqvhtxhqwo|/ !ihE}W
f
� frqwdlqv �4ERW

f
�1 Iru wkh uhyhuvh lqfoxvlrq/ li K 5 !ihE}W

f
�/ wkhq

}EK� ' �/ dqg K 5 �C1 Wkhuh lv dq @ 5 � zlwk RE@� ' K1 Pruhryhu/ REjE@�� ' jERE@�� ' RE@�/
vr jE@� ' @ vlqfh R lv lqmhfwlyh1 Wkxv/ @ 5 �C/ vr K 5 �4ERW

f
�1

Dw MfECc��= Wdnh S 5 �4E^W
f
�/ vd| S ' ^EK� zlwk K 5 �C1 Wkhq BES� ' K3�jEK� ' �/ vr

BES� ' �1 Frqyhuvho|/ li BES� lv wulyldo/ wkhq wkhuh lv dq @ 5 � zlwk BES�Ej� ' @3�jE@�1 Li
S ' ^EK�/ wkhq K3�jEK� ' @3�jE@�/ vr K@3� 5 �C1 Vlqfh ^W

f
EK@3�� ' S/ wkh hohphqw S olhv lq

wkh lpdjh ri ^W
f
1
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Dw M�ECc��= Ohw S 5 �C/ dqg frqvlghu BES�1 Wklv frf|foh vhqgv j wr K3�jEK�/ zkhuh
^EK� ' S1 Dsso|lqj RW

�
/ zh jhw wkh frf|foh K3�jEK� 5 M�ECc��/ zklfk lv fohduo| wulyldo1

Frqyhuvho|/ ohw s 5 !ihERW
�
�1 Wkhq wkhuh lv d K 5 � zlwk sEj� ' K3�jEK�1 Krzhyhu/ sEj� 5 �/

vr ^EK3�jEK�� ' �1 Wkxv/ li S ' ^EK�/ wkhq S3�jES� ' �/ vr S 5 �C1 Lw lv qrz fohdu wkdw
BES� ' s 1

Dw M�ECc��= Li s 5 M�ECc��/ wkhq ^W
�
ERW

�
Es�� ' E^ � R�W

�
Es� lv wulyldo vlqfh ^ � R lv wkh

}hur pds1 Wkxv/ �4ERW
�
� � !ihE^W

�
�1 Frqyhuvho|/ ohw } 5 !ihE^W

�
�1 Wkhq wkhuh lv d S 5 � zlwk

^E}Ej�� ' S3�jES� iru doo j 5 C1 Ohw K 5 � zlwk ^EK� ' S1 Wkhq ^E}Ej�� ' ^EK3�jEK��/ vr
}Ej� ' K3�@jjEK� iru vrph @j 5 �1 Qrwh wkdw zh fdq zulwh }Ej� wklv zd| vlqfh � lv qrupdo
lq �1 Wkhq @j ' K}Ej�jEK�3�/ vr wkh pds @ wkdw vhqgv j wr @j lv d frf|foh zlwk ydoxhv lq �>
wkdw lv/ @ 5 M�ECc��1 Wkh pds @ lv vhqw wr } e| RW

�
/ vr zh jhw wkh uhyhuvh lqfoxvlrq1

Dw M�ECc��= Khuh zh dvvxph � � ~E�� lq rughu wr kdyh d pds B G M�ECc�� $
M2ECc��1 Vxssrvh s 5 M�ECc��1 Zh fdq xvh sEj� wr uhsuhvhqw ^W

�
Es� lq wkh gh�qlwlrq ri

B1 Wkhq BE^W
�
Es��Ejc �� ' sEj�jEsE���sEj��3� ' �/ vr �4E^W

�
� � !ihEB�1 Iru wkh frqyhuvh/

vxssrvh BE}� ' �1 Wkhq wkhuh duh @j 5 � zlwk BE}�Ejc � � ' @jjE@��@
3�

j� 1 Li ^EKj� ' }Ej�/
wkhq KjjEK��K

3�

j� ' @jjE@��@
3�

j� 1 Xvlqj wkdw � � ~E��/ zh vhh wkdw li K�j ' Kj@
3�

j / wkhq
K�jjEK

�

��EK
�

j��
3� ' �1 Dovr/ ^EK�j� ' }Ej�/ vr zh fdq uhsuhvhqw BE}� xvlqj wkh K�j1 Wkxv/ wkh

ixqfwlrq s gh�qhg e| sEj� ' K�j lv d frf|foh lq M�ECc��/ dqg lw pdsv wr }1
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