
Wudqvlwlyh Vxejurxsv ri 7D

Sdwulfn M1 Prudqgl

Pdwkhpdwlfv 8;4

Zkdw duh wkh srvvleoh Jdorlv jurxsv ri d vhsdudeoh/ luuhgxfleoh sro|qrpldo ri ghjuhh 8B

E| d krphzrun sureohp lq vhfwlrq 8/ dq| vxfk jurxs lv lvrprusklf wr d wudqvlwlyh vxejurxs

ri 7Dc zkrvh rughu lv d pxowlsoh ri 81 Wkh rqo| glylvruv ri m7Dm ' �2f zklfk duh pxowlsohv ri

8 duh 8/ 43/ 48/ 53/ 63/ 73/ 93/ dqg 4531 Ri wkhvh rughuv/ zklfk jurxsv rffxuB Zh ghwhuplqh

wklv qrz1

Iluvw/ zh vhh wkdw wudqvlwlylw| lv ydfxrxv1

Sursrvlwlrq 4 Ohw C eh d vxejurxs ri 7D zlwk mCm d pxowlsoh ri D1 Wkhq C lv d wudqvlwlyh

vxejurxs ri 7D1

Surri1 E| Fdxfk|*v wkhruhp/ C frqwdlqv dq hohphqw ri rughu 81 Wkh rqo| hohphqwv ri 7D

ri rughu D duh wkh D0f|fohv1 Krzhyhu/ li j lv d 80f|foh/ wkhq iru hdfk �c � 5 i�c 2c �c ec Dj c wkhuh
lv d srzhu ri j zklfk vhqgv � wr �� Wkhuhiruh C lv wudqvlwlyh1 �

Wkhuh duh vrph uhvwulfwlrqv rq hohphqwv ri 7D� Li d shupxwdwlrq lv zulwwhq dv d surgxfw

ri glvmrlqw f|fohv/ wkhq lwv rughu lv wkh ohdvw frpprq pxowlsoh ri wkh ohqjwkv ri wkh f|fohv1

Wkhuhiruh/ wkh rqo| srvvleoh rughuv duh 4/ 5/ 6/ 7/ 8/ dqg 91 Wklv zloo khos xv holplqdwh vrph

jurxsv iurp ehlqj vxejurxsv ri 7D� Iru d slhfh ri qrwdwlrq/ ohw �? eh d f|folf jurxs ri rughu

?�

Wkh �uvw fdvh wr frqvlghu lv d vxejurxs ri rughu 81 Dq| jurxs ri rughu 8 lv f|folf/ vr lv

lvrprusklf wr �D� Wkh vxejurxsv ri 7D ri rughu 8 duh wkh vxejurxsv jhqhudwhg e| d 80f|foh1

Qh{w zh frqvlghu jurxsv ri rughu 431 Wkh rqo| deholdq jurxs ri rughu 43 lv �D��2
�' ��f�

Krzhyhu/ wkhuh lv qr hohphqw ri rughu 43 lq 7Dc vr ��f lv qrw d vxejurxs ri 7D1 Wkh jurxs

(Dc wkh v|pphwulhv ri d uhjxodu shqwdjrq/ fdq eh ylhzhg dv d vxejurxs ri 7D e| ylhzlqj (D

dv d fhuwdlq froohfwlrq ri shupxwdwlrqv ri lwv yhuwlfhv1 Jhqhudwruv ri (D frqvlvw ri d urwdwlrq

e| dq dqjoh ri 2Z*Dc dqg d  ls/ kroglqj rqh yhuwh{ �{hg1 Wr jhw d frqfuhwh uhsuhvhqwdwlrq

ri (D dv d vxejurxs ri 7Dc zh odeho wkh yhuwlfhv iurp 4 wr 8 lq rughu frxqwhuforfnzlvh1 Wkh

urwdwlrq e| 2Z*D lv wkhq wkh f|foh E�2�eD� c dqg wkh  ls kroglqj yhuwh{ 5 �{hg lv E���EeD��

Wkh jurxs kE�2�eD�c E���EeD�l lv wkhq d vxejurxs ri 7D lvrprusklf wr (D� D jurxs wkhru|



h{huflvh xvlqj V|orz wkhru| +dqg vhplgluhfw surgxfwv, vkrzv wkdw wkhuh lv d xqltxh xs wr

lvrprusklvp qrqdeholdq jurxs ri rughu R^ li R 	 ^ duh sulphv dqg R glylghv ^� �� Wkxv/ (D

lv wkh xqltxh qrqdeholdq jurxs ri rughu 431 Zh kdyh wkxv dffrxqwhg iru doo vxejurxsv/ xs

wr lvrprusklvp/ ri 7D ri rughu 8 ru 431

Zh qh{w uxoh rxw vxejurxsv ri rughu 63 ru 731 Vxssrvh wkhuh lv d vxejurxs M ri rughu

hlwkhu 63 ru 731 Wkhq m7D G Mm ' � ru m7D G Mm ' e� Wr vhh wklv fdqqrw kdsshq/ zh xvh vrph

jurxs wkhru|1

Sursrvlwlrq 5 Li C lv d �qlwh jurxs dqg M d qrqwulyldo vxejurxs/ vxfk wkdw mCm grhv qrw

glylgh mC G Mm-/ wkhq M frqwdlqv d qrqwulyldo qrupdo vxejurxs ri C1

Surri1 Wklv lv Wkhruhp 51715 lq Zdonhu*v errn ^5`/ ru Ohppd 51<14 lq Khuvwhlq*v errn

^4`1 Wkh lghd lv wkdw C dfwv rq wkh vhw ri ohiw frvhwv C*M ri M lq C/ zklfk lqgxfhv d

krprprusklvp C$ 7?/ zkhuh ? ' mC G Mm1 Pruhryhu/ wkh nhuqho ri wklv krprprusklvp lv

frqwdlqhg lq M1 Li mCm grhv qrw glylgh ?-/ wkhq wkh nhuqho lv d qrqwulyldo qrupdo vxejurxs ri

C frqwdlqhg lq M1 �

Sursrvlwlrq 6 Wkh dowhuqdwlqj jurxs �D lv vlpsoh1 Wkhuhiruh/ wkh rqo| qrqwulyldo qrupdo

vxejurxs ri 7D lv �D1

Surri1 Wklv lv Wkhruhp 5181: dqg Fruroodu| 5181; ri ^5`1 �

Iurp wkhvh jurxs wkhru| idfwv/ zh fdq qrz vhh wkhuh lv qr vxejurxs ri 7D ri rughu 63 ru

731 Li wkhuh zdv d vxejurxs M ri rughu 63 ru 73/ wkhq m7Dm zrxog qrw glylgh m7D G Mm-c khqfh
M zrxog frqwdlq d qrqwulyldo qrupdo vxejurxs ri 7Dc zklfk fdqqrw kdsshq vlqfh �D lv wkh

rqo| qrqwulyldo qrupdo vxejurxs ri 7D� Wkxv/ wkhuh lv qr vxejurxs ri 7D ri rughu 63 ru 731

Wklv ohdyhv xv wr frqvlghu jurxsv ri rughu 48 ru 531 Iru rughu 48/ e| wkh V|orz wkhruhpv

dq| jurxs ri rughu 48 kdv d qrupdo vxejurxs � ri rughu 8 dqg d qrupdo vxejurxs ' ri rughu

61 Vlqfh � _' ' kel c wklv irufhv wkh jurxs wr eh wkh gluhfw surgxfw � �'c khqfh d f|folf

jurxs ri rughu 481 Dv qrwhg ehiruh/ wkhuh lv qr hohphqw ri rughu juhdwhu wkdq 9/ vr wkhuh lv

qr vxejurxs ri 7D ri rughu 481

Iru vxejurxsv ri rughu 93 ru 453/ fohduo| 7D lv wkh rqo| vxejurxs ri 7D ri rughu 4531 Dovr/

�D lv wkh rqo| vxejurxs ri rughu 93/ zklfk zh fdq vhh e| xvlqj wkh wzr jurxs wkhru| uhvxowv

deryh wrjhwkhu zlwk wkh jurxs wkhru| h{huflvh wkdw vd|v dq| vxejurxs ri lqgh{ 5 lv qrupdo

lq wkh odujhu jurxs1

Ilqdoo|/ zh frqvlghu jurxsv ri rughu 531 Wklv lv wkh kdughvw fdvh1 Vxssrvh C lv d vxejurxs

ri 7D zlwk mCm ' 2f� E| wkh V|orz wkhruhpv/ wkhuh lv d qrupdo vxejurxs � ri C ri rughu

81 Dovr/ wkhuh lv d vxejurxs M ri rughu 71 Wklv pdnhv C wkh vhplgluhfw surgxfw ri � dqg

M� Zkdw zh xvh wr ghvfuleh C duh wkh hvvhqwldo lghdv ri vhplgluhfw surgxfwv1 Rqh fdq fkhfn
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wkdw wkh pds ) G M $ ��|E�� jlyhq e| )E�� G ? $ �?�3� lv d jurxs krprprusklvp1

Pruhryhu/ �M ' i?� G ? 5 �c � 5 Mj ' C� Li � 5 !ih) dqg li � ' k@l c wkhq �@�3� ' @c

vr �@ ' @�� D vkruw fdofxodwlrq vkrzv wkdw �@ kdv rughu 43/ zklfk lv lpsrvvleoh1 Wkhuhiruh/

) lv 4041 Krzhyhu/ ��|E�� �' �e +vhh H{dpsoh 51;14 ri ^4` ru Wkhruhp 516149 ri ^5`,/

zklfk irufhv M �' �e vlqfh mMm ' e� E| d forvhu dqdo|vlv ri vhplgluhfw surgxfwv/ rqh fdq

vkrz wkdw wkhuh lv d xqltxh xs wr lvrprusklvp jurxs C vxfk wkdw +l, mCm ' 2fc dqg +ll,

C kdv qr hohphqw ri rughu 431 Wr vhh wkdw wklv jurxs rffxuv dv d vxejurxs ri 7D/ zh qrwh

wkdw %D � 2 lv d vhsdudeoh/ luuhgxfleoh sro|qrpldo ryhu Tc vr li g ' T
�

D
s
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lv lwv vsolwwlqj �hog/ wkhq B@*Eg*T� lv lvrprusklf wr d vxejurxs ri 7Dc dqg wklv jurxs lv

d qrqdeholdq jurxs ri rughu 531 Wr jhw d frqfuhwh uhsuhvhqwdwlrq ri wklv jurxs/ zh qhhg

hohphqwv @c K 5 7D zlwk @ ri rughu 8/ K ri rughu 7/ dqg K@K3� ' @2� Wklv odvw htxdwlrq frphv

iurp wkh pdsslqj ) deryh1 D jhqhudwru ri ��|E�D� lv wkh dxwrprusklvp j gh�qhg e|

jE�� ' �2 iru dq| � 5 �e� Zh fdq fkrrvh @ wr eh dq| 80f|foh/ vr slfn @ ' E�2�eD�� Wr �qg

K vr wkdw KE�2�eD�K3� ' E�2�eD�2 ' E��D2e�c e| wkh fdofxodwlrq dw wkh erwwrp ri sdjh ;; lq

^4`/ zh fdq fkrrvh K wr vhqg wkh �0wk hohphqw olvwhg lq E�2�eD� wr wkh �0wk hohphqw olvwhg lq

E��D2e�� Wkdw lv/ K '
�
� 2 � e D

� � D 2 e

�
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Wkh lvrprusklvp fodvvhv ri vxejurxsv ri 7D ri rughu d pxowlsoh ri 8 duh olvwhg lq wkh

iroorzlqj wdeoh/ dorqj zlwk d frqfuhwh uhsuhvhqwdwlrq dv d vxejurxs1

Jurxs Uhsuhvhqwdwlrq

�D kE�2�eD�l
(D kE�2�eD�c E���EeD�l
�D m �e kE�2�eD�c E2�De�l
�D

7D

Uhihuhqfhv

^4` L1 Q1 Khuvwhlq/ Wrslfv lq Dojheud/ Mrkq Zloh| dqg Vrqv/ 4<:81

^5` H1 Zdonhu/ Lqwurgxfwlrq wr Devwudfw Dojheud/ Udqgrp Krxvh/ 4<;:1
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