
Vhplgluhfw Surgxfwv

Sdwulfn M1 Prudqgl

Vhswhpehu 4;/ 4<<;

Ohw C eh d jurxs1 Uhfdoo wkdw C lv d gluhfw surgxfw ri wzr jurxsv l� C frqwdlqv qrupdo

vxejurxsv ��c �2 vxfk wkdw ��_�2 ' iej dqg C ' ���21 Zh glvfxvv khuh d jhqhudol}dwlrq

ri wklv qrwlrq1 Vxssrvh lqvwhdg wkdw zh kdyh d jurxs C wkdw frqwdlqv vxejurxsv � dqg M

vxfk wkdw � lv qrupdo lq C/ � _M ' iej/ dqg wkdw C ' �M1 Xqghu wkhvh flufxpvwdqfhv/

zh fdoo C d vhplgluhfw surgxfw ri � dqg M1

Vxssrvh wkdw C ' �M zlwk � dqg M dv deryh1 Qrwh wkdw hyhu| hohphqw ri C lv xqltxho|

h{suhvvleoh lq wkh irup ?�> wkh xqltxhqhvv iroorzv iurp � _M ' iej/ vlqfh li ?� ' ?���/ wkhq

E?��3� ? ' ���3� 5 �_M1 Vlqfh � lv qrupdo lq C/ iru hdfk � 5 M zh kdyh dq dxwrprusklvp

ri � jlyhq e| ? :$ �?�3�1 Lq rwkhu zrugv/ wklv dxwrprusklvp lv wkh lqqhu dxwrprusklvp

ri � uhvwulfwhg wr � 1 Ixuwkhupruh/ wkh pds M $ ��|E�� jlyhq e| � :$ E? :$ �?�3�� lv

d jurxs krprprusklvp1 Wr yhuli| wklv/ ohw xv zulwh )� iru wkh lqqhu dxwrprusklvp ri �

uhvwulfwhg wr � 1 Zh kdyh iru }c � 5 M dqg ? 5 � /

)}�E?� ' }�?E}��3� ' }�?�3�}3�

' }E�?�3��}3� ' )}E�?�
3��

' )}E)�E?�� ' E)} � )��E?��

Vr/ )}� ' )} � )�1 Wkhuhiruh/ wkh pds ) G M $ ��|E�� jlyhq e| )E�� ' )� lv d krprpru0

sklvp ri jurxsv/ dv fodlphg1 Ixuwkhupruh/ jlyhq wkh vxejurxsv�cM dqg wkh krprprusklvp

)/ zh fdq zulwh grzq wkh pxowlsolfdwlrq rq C1 Iru/ jlyhq ?�c ?��� 5 C/ zh kdyh

E?��E?���� ' E?�?��3��E����

' E?)�E?
���E�����

Zh qrz vkrz wkdw zh fdq uhyhuvh wklv surfhvv/ wkhuhe| jlylqj d qrwlrq ri �h{whuqdo�

vhplgluhfw surgxfw1 Ohw � dqg M eh jurxsv/ dqg ohw ) G M $ ��|E�� eh d jurxs krpr0
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prusklvp1 Ohw C ' � �M dv vhwv/ dqg gh�qh pxowlsolfdwlrq e|

E?c ��E?�c ��� ' E?)�E?
��c �����

Wkhq lw lv dq hdv| h{huflvh wr vkrz wkdw C lv d jurxs> wkh lghqwlw| ri C lv Ee� c eM�/ dqg wkh

lqyhuvh ri E?c �� lv E)�3�E?
3��c �3��1 Ixuwkhupruh/ wkh vxevhw � � G' � � ieMj lv d qrupdo

vxejurxs ri C lvrprusklf wr � dqg M � G' ie�j �M lv d vxejurxs ri C lvrprusklf wr M1

Pruhryhu/ � �_M � ' ieCj1 Wkxv/ iurp wklv h{whuqdo frqvwuxfwlrq zh rewdlq C dv dq lqwhuqdo

vhplgluhfw surgxfw ri � � dqg M �1 Zh ghqrwh wklv h{whuqdo vhplgluhfw surgxfw e| � �) M

+dqg vrphwlphv e| � mM,1

Zh qrwh vrph vlpsoh idfwv derxw wklv frqvwuxfwlrq1 Iluvw/ zh jhw wkh gluhfw surg0

xfw � � M dv wkh vhplgluhfw surgxfw � �) M/ zkhuh ) G M $ ��|E�� lv wkh wulyldo

jurxs krprprusklvp +wkdw vhqgv hyhu| hohphqw ri M wr wkh lghqwlw|,/ vlqfh iru wklv )/

E?c ��E?�c ��� ' E?)�E?
��c ���� ' E??�c ����/ wkh irupxod iru pxowlsolfdwlrq lq � �M1 Vhfrqg/

zlwk M � ' ie�j�M/ zh vhh wkdw M � lv qrupdo lq C l� ) lv wulyldo1 Iru/ li wkhuh lv dq � 5 M

dqg ? 5 � vxfk wkdw )�E?� 9' ?/ wkhq

E?c ��E�c ��E?c ��3� ' E?c ��E�c ��E?3�c ��

' E?c ��E?3�c ��

' E?)�E?�
3�c �� *5 M �c

vr li ) lv qrqwulyldo/ wkhq M � lv qrw qrupdo lq C1 Frqyhuvho|/ li ) lv wulyldo/ wkhq C lv wkh

gluhfw surgxfw � �M/ lq zklfk fdvh M � lv qrupdo lq C1 Ilqdoo|/ li ) lv qrw wkh wulyldo pds/

wkhq � �)M lv qrq0Deholdq/ hyhq li � dqg M duh erwk Deholdq1 Wr vkrz wklv/ vxssrvh wkdw

wkhuh duh � 5 M dqg ? 5 � vxfk wkdw )�E?� 9' ?1 Zh wkhq kdyh

E?c ��E�c �� ' E?c ��c

E�c ��E?c �� ' E)�E?�c ��c

vr E?c ��E�c �� 9' E�c ��E?c ��1 Xvlqj vhplgluhfw surgxfwv lv d qlfh zd| wr frqvwuxfw qrq0

Deholdq jurxsv1

Zh qrz jlyh d qxpehu ri h{dpsohv ri vhplgluhfw surgxfwv1

H{dpsoh 4 Ohw � ' ]*?]/ ohw M ' ]*2]/ dqg ohw ) G M $ ��|E�� eh wkh krprprusklvp

wkdw vhqgv e wr e dqg wkh qrqwulyldo hohphqw ri M wr wkh lqyhuvh pds ri � 1 Lq rwkhu zrugv/

wkh pds % :$ %3� lv d jurxs dxwrprusklvp ri � vlqfh � lv Deholdq/ dqg wklv dxwrprusklvp

kdv rughu 21 Vr/ lw jhqhudwhv d vxejurxs ri ��|E�� lvrprusklf wr M> zh gh�qh wkh pds ) wr

eh wkh lvrprusklvp ri M rqwr wklv vxejurxs1 Ohw C ' � �)M1 Zh fodlp wkdw C �' (?/ wkh
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Glkhgudo jurxs ri rughu 2?1 Uhfdoo wkdw (? lv wkh jurxs jhqhudwhg e| hohphqwv @c K vxemhfw

wr wkh uhodwlrqv @? ' K2 ' � dqg K@K ' @3�1 Ohw � ' k%l dqg M ' k+l1 Wkhq E%c �� kdv

rughu ? dqg E�c +� kdv rughu 21 Qrwh wkdw )+ lv wkh lqyhuvh pds rq � 1 Vr/

E�c +�E%c ��E�c +� ' E)+E%�c +�E�c +� ' E)+E%�c +
2� ' E)+E%�c ��

' E%3�c �� ' E%c ��3��

Wkhuhiruh/ lq C zh kdyh hohphqwv � ' E%c �� dqg � ' E�c +� vdwlvi|lqj �? ' �2 ' � dqg

��� ' �3�1 Vr/ wkhuh lv d jurxs krprprusklvp (? $ C/ dqg wklv pds lv vxumhfwlyh vlqfh C

lv fohduo| jhqhudwhg e| �c �1 Krzhyhu/ mCm ' m� m mMm ' 2?/ vr mCm ' m(?m1 Wklv vkrzv wkdw

(? lv lvrprusklf wr C1

H{dpsoh 5 Frqvlghu wkh dowhuqdwlqj jurxs �e1 Wkh vxejurxs

T ' iec E�2�E�e�c E���E2e�c E�e�E2��j

lv qrupdo lq �e1 Wkh vxejurxs M ' kE�2��l lv d vxejurxs ri rughu � wkdw lv qrw qrupdo lq

�e1 Vlqfh mT m dqg mMm duh uhodwlyho| sulph/ zh kdyh T _M ' i�j1 Vr/ �e lv wkh vhplgluhfw

surgxfw ri T dqg M1 Zh fdq ghwhuplqh wkh dssursuldwh krprprusklvp ) e| ghwhuplqlqj

)E�2��1 Zh kdyh

E�2��E�2�E�e�E�2��3� ' E2��E�e�c

E�2��E���E2e�E�2��3� ' E2��E�e�c

E�2��E�e�E2��E�2��3� ' E2e�E����

Vlqfh ) lv d jurxs krprprusklvp/ )E�2��2 '
�
)E�2��

�2
1 Wklv lq h�hfw ghwhuplqhv )1 Ohw

@ ' E�2�E�e�/ K ' E���E2e�/ dqg S ' E�2��1 Wkhq T lv jhqhudwhg e| @c K dqg M lv jhqhudwhg

e| S1 Zh kdyh wkh uhodwlrqv @2 ' K2 ' � dqg @K ' K@ lq T / dqg S� ' � lq M1 Pruhryhu/

wkh uhodwlrqv deryh vd| wkdw S@S3� ' @K dqg SKS3� ' @1 Qrwh wkdw wkh wklug htxdwlrq lv d

frqvhtxhqfh ri wkh suhylrxv wzr/ vlqfh E���E2e� ' K ' @E@K�1 Vr/ li C lv wkh jurxs jhqhudwhg

e| %c +c 5 vxemhfw wr wkh uhodwlrqv %2 ' +2 ' 5� ' �/ %+ ' +%/ 5%53� ' %+/ dqg 5+53� ' %/

wkhq wkhuh lv d vxumhfwlyh jurxs krprprusklvp C $ �e1 E| sod|lqj zlwk wkhvh uhodwlrqv/

rqh fdq vkrz wkdw mCm � �2 ' m�em1 Wklv irufhv C �' �e1

H{dpsoh 6 Wkh v|pphwulf jurxs 7e fdq dovr eh ghvfulehg dv d vhplgluhfw surgxfw xvlqj T 1

Ohw M ' ij 5 7e G jEe� ' ej1 Wkhq M lv d vxejurxs ri 7e lvrprusklf wr 7�/ dqg mMm ' S1

Pruhryhu/ e| lqvshfwlrq zh vhh wkdw T _ M ' i�j1 Vr/ 7e lv d vhplgluhfw surgxfw ri T

zlwk M1 Lq rughu wr ghvfuleh wkh fruuhvsrqglqj pds )/ zh ylhz wkhvh jurxsv lq rwkhu

zd|v1 Iluvw/ M �' 7�/ dv qrwhg deryh1 Vhfrqg/ T lv d I20yhfwru vsdfh/ dqg dq| hohphqw
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ri ��|ET � lv dfwxdoo| dq I20yhfwru vsdfh dxwrprusklvp1 Vlqfh _�4F2ET � ' 2/ zh vhh wkdw

��|ET � �' B*2EI2�1 Vr/ ) fdq eh ylhzhg dv d jurxs krprprusklvp 7� $ B*2EI2�1 Pruhryhu/

mB*2EI2�m ' S/ dqg/ lq idfw/ wkh pds ) lv dq lvrprusklvp iurp 7� wr B*2EI2�1 Wr vhh wklv

h{solflwo|/ zh ylhz T dv dq I20yhfwru vsdfh zlwk edvlv � ' E�2�E�e�/ � ' E���E2e�1 Pruhryhu/

M ' kE�2��c E�2�l1 Frqmxjdwlrq e| E�2�� vhqgv � wr �� dqg � wr � +vhh wkh suhylrxv h{dpsoh,1

Vr/ zh pd| ylhz wklv wudqvirupdwlrq dv wkh pdwul{

#
� �

� f

$
1 Dovr/ frqmxjdwlrq e| E�2�

vhqgv � wr � dqg � wr ��/ vr wklv wudqvirupdwlrq fruuhvsrqgv wr wkh pdwul{

#
� �

f �

$
1 Wklv

lv hqrxjk lqirupdwlrq wr h{solflwo| zulwh grzq wkh lvrprusklvp )1 +Wklqn derxw olqhdu

wudqvirupdwlrqv fruuhvsrqg wr pdwulfhv lq rughu wr vhh krz zh rewdlqhg wkhvh wzr pdwulfhv$,

H{dpsoh 7 Ohw Rc ^ eh sulphv vxfk wkdw R glylghv ^� �1 Wkhq ��|E]*^]� �' ]*E^ � ��] lv

d f|folf jurxs ri rughu ^��/ vr lw kdv dq hohphqw ri rughu R1 H{solflwo|/ li o lv dq lqwhjhu vxfk

wkdw oR � �4L_ ^ exw o 9� �4L_ ^/ wkhq wkh dxwrprusklvp s jlyhq e| sE@n ^]� ' @o n ^]

kdv rughu R1 Li zh vhqg d jhqhudwru ri ]*R] wr wklv hohphqw/ zh jhw d krprprusklvp

) G ]*R] $ ��|E]*^]�1 Ohw C eh wkh vhplgluhfw surgxfw ri wkhvh jurxsv1 Li ]*R] ' k@l
dqg ]*^] ' kKl/ wkhq zlwk )E@� ' s / zh kdyh @R ' K^ ' � dqg @K@3� ' )@EK� ' sEK� ' Ko1

Vr/ wklv vhplgluhfw surgxfw lv d jurxs ri rughu R^/ dqg vlqfh @K@3� ' Ko 9' K +dv o 9� �4L_ ^�/

zh vhh wkdw C lv qrq0Deholdq1 Lw lv dq h{huflvh wr vkrz wkdw dq| qrq0Deholdq jurxs ri rughu

R^ +zlwk R glylglqj ^ � �, lv lvrprusklf wr wklv vhplgluhfw surgxfw1

H{dpsoh 8 Ohw � ' ]*�] ' k@l dqg M ' ]*e] ' kKl1 Zh kdyh d krprprusklvp

) G M $ ��|E�� wkdw vhqgv K wr wkh dxwrprusklvp % :$ %3�1 Wklv lv zhoo gh�qhg vlqfh

wkh lqyhuvh pds kdv rughu 21 Frqvlghu C ' � �) M1 Wkhq mCm ' �21 Pruhryhu/ � lv d

qrupdo vxejurxs ri C exw M lv qrw qrupdo lq C +vlqfh ) lv qrqwulyldo,1 Wkxv/ C kdv d

qrupdo �0V|orz vxejurxs exw C grhv qrw kdyh d qrupdo 20V|orz vxejurxs1 Vr/ wklv lv d

qrq0Deholdq jurxs ri rughu 45 glvwlqfw iurp �e1 Lw lv dqrwkhu h{huflvh wr vkrz wkdw dq|

qrq0Deholdq jurxs ri rughu 45 lv lvrprusklf wr hlwkhu C ru wr �e1

H{dpsoh 9 Ohw � ' ]*D] ' k@l dqg ohw M ' ]*e] ' kKl1 Wkh jurxs ��|E�� lv f|folf ri

rughu e> d jhqhudwru lv s / zkhuh s lv gh�qhg e| sE@�� ' @2�1 E| vhqglqj K wr s / zh jhw d jurxs

lvrprusklvp ) G M $ ��|E��1 Ohw C ' � �)M1 Wkhq mCm ' 2f1 Pruhryhu/ C lv jhqhudwhg

e| @/ K/ dqg wkh jhqhudwruv vdwlvi| @D ' Ke ' � dqg K@K3� ' @21 Wklv jurxs dulvhv dv d Jdorlv

jurxs lq wkh iroorzlqj zd|1 Ohw k 5 T eh vxfk wkdw %D � k lv luuhgxfleoh ryhu T +h1j1/ wdnh

k wr eh dq| hohphqw wkdw lv qrw d D0wk srzhu,1 Li / lv d sulplwlyh D0wk urrw ri xqlw| dqg q lv

dq| urrw ri %D � k/ wkhq wkh vsolwwlqj �hog ryhu T ri %D � k lv TE/c q�1 Pruhryhu/ wkhuh duh

dxwrprusklvpv ri TE/c q� vdwlvi|lqj jEq� ' /q dqg jE/� ' // dqg � Eq� ' q dqg � E/� ' /2
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+dsso| wkh lvrprusklvp h{whqvlrq wkhruhp wr TE/c q�*TE/� dqg TE/c q�*TEq�/ uhvshfwlyho|1

\rx dovr qhhg wr nqrz wkdw 4�?ETEq�c /� ' 4�?ETc /�,1 Wkh jurxs C lv jhqhudwhg e| jc �

vlqfh wkh �{hg �hog ri ijc �j lv T1 Pruhryhu/ jc � vdwlvi| jD ' � e ' �_ dqg �j�3� ' j21 E|

vkrzlqj wkdw wkh jurxs jhqhudwhg e| %c + vxemhfw wr wkh uhodwlrqv %D ' +e ' � dqg +%+3� ' %2

kdv rughu dw prvw 2f/ zh zloo kdyh vkrzq wkdw lw kdv rughu 53/ dqg wkdw lw lv lvrprusklf wr

erwk C dqg wr B@*ETE/c q�*T�1 Wkhuhiruh/ C lv lvrprusklf wr wklv Jdorlv jurxs1

H{dpsoh : Wkh jurxs 7? lv wkh vhplgluhfw surgxfw ri �? dqg M ' kE�2�l �' ]*2]/ vlqfh

�? lv qrupdo lq 7? dqg �?_M ' i�j1 Krzhyhu/ Zh zrq*w ghvfuleh khuh zkdw lv wkh pds )1

H{dpsoh ; Ohw � eh d jurxs1 Zh fdq irup wkh vhplgluhfw surgxfw C ' � �) ��|E��/

zkhuh ) G ��|E��$ ��|E�� lv wkh lghqwlw| pds1 Vr/ pxowlsolfdwlrq lq C lv jlyhq e|

E?c j�E6c � � ' E?jE6�c j� �c

zkhuh ?c6 5 � dqg jc � 5 ��|E��1

H{dpsoh < Qrw doo jurxsv fdq eh ghvfulehg dv vhplgluhfw surgxfwv ri vpdoohu jurxsv1 Li

C ' 'H/ wkh txdwhuqlrq jurxs/ wkhq C ' i	�c	�c	�c	&j/ zkhuh pxowlsolfdwlrq lv gh�qhg

e| xvlqj �2 ' �2 ' &2 ' �� dqg �� ' & ' ���1 Wkh rqo| vxejurxsv ri C duh k�l/ k�l/ k&l/
k��l/ dqg hdfk frqwdlqv ��1 Vr/ wkhuh grhv qrw h{lvw wzr qrqwulyldo vxejurxsv ri C wkdw kdyh

wulyldo lqwhuvhfwlrq1 Vr/ C lv qrw wkh vhplgluhfw surgxfw ri wzr surshu vxejurxsv1 Olnhzlvh/

li ? � D/ wkhq wkh dowhuqdwlqj jurxs �? lv qrw d vhplgluhfw surgxfw ri surshu vxejurxsv1

Wklv iroorzv iurp wkh idfw wkdw �? lv vlpsoh> wkhuh duh qr qrqwulyldo qrupdo vxejurxsv ri �?1
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